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Abstract

We investigate an exponential utility maximization problem for an insurer who
faces a stream of non-hedgeable claims. The insurer’s risk aversion coefficient
changes in time and depends on the current insurer’s net asset value (the excess
of assets over liabilities). We use the notion of an equilibrium strategy and derive
the HJB equation for our time-inconsistent optimization problem. We assume
that the insurer’s risk aversion coefficient consists of a constant risk aversion and
a small amount of a wealth-dependent risk aversion. Using perturbation theory,
the equilibrium value function, which solves the HJB equation, is expanded on the
parameter controlling the degree of risk aversion depending on wealth. We find
the first-order approximations to the equilibrium value function and the equilib-
rium investment strategy. Some new results for exponential utility maximization
problem with constant risk aversion are derived in order to approximate the solu-
tion to our exponential utility maximization problem with wealth-dependent risk

aversion.

Keywords: Time-inconsistency, equilibrium strategy, first-order approximation,

BSDESs, PDEs, perturbation theory.



1 Introduction

Optimal investment problems are extensively studied in financial mathematics and the
key example is exponential utility maximization problem. Among many papers in this
field, we can mention the works by Hu et al. (2005), Morlais (2009), Ankirchner et al.
(2010), Lim and Quenez (2011), Jiao et al. (2013), Jeanblanc et al. (2015). In these
papers the authors consider dynamic investment problems for an agent who valuates his
terminal wealth with exponential utility with absolute risk aversion coefficient which is
constant in time. However, when deciding on dynamic asset allocation, it seems more
reasonable to assume that the investor’s risk preferences are time-varying.

The motivation for considering time-varying and stochastic risk preferences is clear.
In a bull market investors are willing to take more risk, which should be modeled with
a lower risk aversion coefficient, whereas in a bear market investors are willing to take
less risk, which should be modeled with a higher risk aversion coefficient. Hence, the co-
efficient of risk aversion depending on the state of economy should be used in dynamic
portfolio selection problems. Pirvu and Zhang (2013) and Kwak et al. (2014) study
exponential utility indifference pricing and optimal investment strategies under expo-
nential utility with regime-switching risk aversion coefficient. Gordon and St-Amour
(2000) show that a state-dependent risk aversion can explain asset price movements
which cannot be explained by constant risk aversion. There is also a strong empirical
evidence that the degree of risk aversion depends on prior gains and losses, or on the
available wealth in general. Thaler and Johnson (1990) claim that after a gain on a
prior gamble people are more risk seeking than usual, while after a prior loss they be-
come more risk averse. The observation that the risk aversion goes down after a prior
gain is called the “house money” effect.

We investigate an exponential utility maximization problem for an insurer who
faces a stream of non-hedgeable claims. The policyholders are entitled to annuity, life
insurance and endowment benefits. The benefits are contingent on a non-tradeable

financial index correlated with a stock available for trading in the financial market.



The deaths of the policyholders and the benefits’ occurrence times are modelled with
a counting process. We assume that the insurer’s risk aversion coefficient changes in
time and its value depends on the current insurer’s net asset value (the excess of assets
over liabilities). If the assets are above the liabilities, then the insurer is less risk averse
and is willing to implement more risky investment strategy. If the assets are below the
liabilities, the insurer is more risk averse and switches to more conservative investment
strategies. Hence, we take into account the "house money” effect when the insurer solves
his asset allocation problem. To the best of our knowledge, there is only one paper (by
Dong and Sircar (2014)) which studies exponential utility maximization for investor
with wealth-dependent risk aversion. At the same time we can find papers in which
mean-variance optimization problems with wealth-dependent risk aversion coefficients
are considered, see e.g. Zeng and Li (2011), Bjork et al. (2014) and Kronborg and
Steffensen (2015).

It is known that exponential utility maximization problems with time-varying risk
aversion coefficient are time-inconsistent and classical techniques of stochastic control
cannot be applied. We follow the game-theoretic approach from Ekeland and Lazrak
(2006), Ekeland and Pirvu (2008),Bjork and Murgoci (2014) and Bjork et al. (2017)
and we derive the HJB equation for our time-inconsistent optimization problem with
wealth-dependent risk aversion. The HJB equation characterizes the so-called equilib-
rium investment strategy and the equilibrium value function. In order to solve our
HJB equation, we use the expansion techniques from Fouque et al. (2011), Fouque et
al. (2014), Fouque and Hu (2017), Fouque et al. (2017), Dong and Sircar (2014). We
assume that the insurer’s risk aversion coefficient consists of a constant risk aversion
and a small amount of a wealth-dependent risk aversion. We apply perturbation theory
and expand the solution to the HJB equation on the parameter controlling the degree
of risk aversion depending on wealth. In the first step, we investigate an exponential
utility maximization problem for an insurer with constant risk aversion coefficient and
we derive some new results for exponential utility maximization problem with constant

risk aversion. In particular, we investigate derivative of the value function with respect



to risk aversion coefficient. We show existence of solutions to systems of nonlinear
BSDEs and nonlinear PDEs which describe the value function for our exponential util-
ity maximization problem with constant risk aversion and the derivative of the value
function with respect to risk aversion. We show that the PDEs have smooth solutions.
Finally, we use these results to postulate the first-order approximation to the solution
to our HJB equation. We derive the first-order approximations to the equilibrium value
function and the equilibrium investment strategy. Our first-order approximation to the
equilibrium investment strategy is new and agrees with intuition.

Dong and Sircar (2014) investigate time-inconsistent optimization problems, includ-
ing an indifference pricing problem for a terminal claim under exponential utility with
wealth-dependent risk aversion coefficient. They also assume that a small amount of
wealth-dependent risk aversion is added to constant risk aversion and apply perturba-
tion theory to find the first-order approximation to the solution to their HJB equation.
Our model and results are much more general than the model and results from Dong
and Sircar (2014). We consider an insurance portfolio where the run-off is modelled
with a counting process and the insurer is exposed to a stream of non-hedgeable claims
of three different types. Since we consider an insurance portfolio with an arbitrary num-
ber of policies, we study a recursive system of HJB equations. The results presented
in Dong and Sircar (2014) are heuristic and in a summary form, whereas we present
formal proofs of our results. We use not only PDEs but also BSDEs to characterize
the first-order approximation to the solution. Finally, Dong and Sircar (2014) are only
interested in the exponential utility indifference price of a terminal claim and they do
not give the first-order equilibrium investment strategy for their problem.

The remainder of the paper is organized as follows. Sections 2 and 3 describe the
model and the optimization problem. In Section 4 we recall perturbation theory and
explain the idea behind the (asymptotic) first-order approximation to a solution to
a problem. In Section 5 we investigate an exponential utility maximization problem
with constant risk aversion coefficient whereas in the subsequent Section 6 we study an

exponential utility maximization problem with wealth-dependent risk aversion. Section



7 contains some examples which illustrate our key result from Section 6. All proofs are

presented in Section 8.

2 The financial and insurance model

We deal with a probability space (Q2,F,P) with a filtration F = (F;)o<i<r and a
finite time horizon T' < oo. On the probability space (Q,F,P) we define a stan-
dard two-dimensional Brownian motion (W,B) = (W(t),B(t),0 < t < T) and a
cadlag (right-continuous with left limits) counting process N = (N(¢),0 < t < T).
The uncorrelated Brownian motions (W, B) are used to model the financial risk and
F'"P = o(W(u), B(u),u € [0,t]) contains information on the evolution of the fi-
nancial indices. The counting process N is used to model the insurance risk and
FN = o(N(u),u € [0,t]) contains information on the number of in-force policies in

the insurance portfolio. We assume that

(A1) the subfiltrations F;""” and F}¥ are independent and we set F; = Neso (EY;B \Y%
FN) for 0<t<T,

Under assumption (A1), the financial risk is independent of the insurance risk. As far as
the filtration FF is concerned, we use the standard approach of progressive enlargement
of the Brownian filtration. The filtration F is right-continuous and completed with sets
of measure zero.

The financial market consists of a risk-free deposit D = (D(t),0 <t < T') and two
risky indices: S = (S(t),0 < ¢t < T) and P = (P(t),0 <t < T). The value of the

risk-free deposit is constant:
D(t)=1 0<t<T, (2.1)

i.e. we assume that the interest rate is zero or we consider discounted quantities in

our problem. The prices of the risky indices are modelled with correlated Brownian



motions. We assume that the prices of S and P satisfy the dynamics

%%? = pdt+odW(t), 0<t<T,

S0) = s, (2.2)
%%? - mﬁ+b@ﬂvuy+vTi?%BG0, 0<t<T,

PO) — o (2.3)

where p, a, 0, b are positive constants which denote drifts and volatilities and p € [—1, 1]
denotes the correlation coefficient between the log-returns of S and P. The insurance
company can invest in the deposit D and in the index S. The index P is not available
for trading. The index P is the underlying investment fund for the insurance contracts
sold by the insurance company. We use two indices in our model since in practice
equity-linked life insurance contracts may be contingent on non-tradeable indices.

The insurance company keeps a homogeneous portfolio of n unit-linked policies. The
counting process N is used to count the number of deaths in the insurance portfolio.
We assume that the lifetimes of the policyholders are independent and exponentially

distributed, i.e. we assume that
(A2) (N(t) — fot(n — N(s—))Ads, 0 <t < T) is an F-martingale, where A > 0.

Parameter A\ denotes the mortality intensity for the policyholders. Since mortality in-
tensity depends on age, we should assume that A depends on time ¢. Such a modification
of (A2) can be easily introduced. However, we keep (A2) to simplify the presentation

of our results. Let
Jt)=n—N(t), 0<t<T,

count the number of policies in force in the insurance portfolios.
The insurer faces a stream of non-hedgeable claims which is modelled with the

process C' = (C(t),0 <t <T). The process C is described with the equation

aﬂZQAW—N®%MHm%+ABW®MM$
H(n— N(T)p(P(T) 1y, 0<t<T. (2.4)
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Each policyholder in the insurance portfolio is entitled to three types of benefits: an-
nuity « paid as long as the policyholder lives, life insurance benefit § paid if the policy-
holder dies and endowment benefit n paid if the policyholder survives till the terminal
time T'. The benefits «, § and 7 are contingent on the value of the index P. We assume

that
(A3) the functions «, 5,71 : (0,00) — [0,00) are bounded and Lipschitz continuous.

In order to fulfill the future obligations, the insurer must hold a reserve. The reserve

is set for the policies in force. We define the reserve:

Fi(t,p) = E°|C(T) - C(1)| P(t) = p, J(t) = k|,

(t,p, k) € [0,T] x (0,00) x {0,1,...,n}, (2.5)

where Q denotes a pricing measure for C. Here, by reserve we mean an amount of
money which the insurer sets aside to cover the future benefits. The insurer can choose
any pricing measure to calculate the reserve (2.5). We don’t make any assumptions on

the pricing measure Q in (2.5). However, we assume that

(Ad) F*(t,p) = kF'(t,p), (t,p,k) € [0,T] x (0,00) x {0,...,n}, and the function F* :
[0, 7] x (0,00) — [0, 00) is CH*([0, T] x (0, 00)).

In the sequel, the reserve for one policy in force F! is simply denoted by F. If the
counting process N is independent of (S, P) under the pricing measure Q and the

prices of the pay-offs «, 8,7 are smooth functions of time and the underlying index P,

then (A4) is satisfied.

3 The optimization problem and the HJB equation

Let m := (w(t),0 < t < T) denote a strategy which determines the amount of wealth
invested in the index S. The wealth process of the insurer, denoted by X™ = (X7 (¢),0 <



t <T), satisfies the SDE

dX™(t) = =(t) <udt + adW(t))
X(0) = = (3.1)
where x > 0 denotes the initial wealth. We assume that the survival benefits n are

subtracted from X™(7') at the terminal time 7.

In this paper we study the optimization problem:
supIE[ _ (oI F@P@))- (XT@) s @mpr)) !E}, 0<t<T (3.2)

where I' denotes a time-varying risk aversion coefficient which value at time ¢ depends

on the process
R(t) = X"(t) - J®)F(t, P(t)), 0<t<T.

The process R is interpreted as the insurer’s net asset value - the excess of the insurer’s
assets over his liabilities. By the liability we mean the value of the reserve (2.5). The

dynamics of the net asset value process R is given by the equation

dR(t) = 7(t) (udt + adW(t)> — J(t—)a(P())dt + B(P(t))dJ(¢)
CJ(t=)Ey(t, P(8))dt — J(t—)E,(t, P(t))P(t) <a +b(pdW (t) + /T — p2dB(t)))

—J(t—)%Fpp(t, P(t))b*P*(t)dt — F(t, P(t))dJ(t), 0<t<T.

We assume that the risk aversion coefficient in (3.2) satisfies:
(A5) T': R+ (0,00) is bounded, decreasing, Lipschitz continuous and C?(R).

The motivation for considering the wealth-dependent risk aversion in the optimiza-
tion problem (3.2) is the following. At different points in time, the insurer is likely to
have different exponential utilities which are characterized with different risk aversion

coefficients. We expect that the insurer’s risk aversion coefficient should change in time



and the dynamics of the risk aversion coefficient should be modelled with an adapted
process related to some observable factors. It is very reasonable to assume that the
risk aversion coefficient and the willingness to take the financial risk depend the finan-
cial position of the investor. We assume that the value of the insurer’s risk aversion
coefficient at time ¢ depends on the current insurer’s net asset value. If the assets are
above the liabilities, then the insurer is less risk averse and is willing to implement more
risky investment strategies. If the assets are below the liabilities, the insurer is more
risk averse and switches to more conservative investment strategies. Hence, the risk
aversion coefficient I" should be a decreasing function of the net asset value.

Let us introduce the set of admissible investment strategies for (3.2).

Definition 3.1. A strategy m# = (w(t),0 < t < T) is called admissible, T € A, if it

satisfies the following conditions:

1. m:[0,T] x 2 — R is an F-predictable process determined with a measurable map-

ping I : [0, T]xRx (0, 00) x{0, ...,n} — R such that w(t) = (¢, X" (t—), P(t), J(t—)),
2. The process (f(f m(s)dW(s), 0 <t < T) is a BMO(FF)-martingale,
3. The stochastic differential equation (3.1) has a unique solution X™ on [0,T],
4. E[e_r(r) (x=)=smray) ]]-"t] < oo for allt € [0,T) and all r € R.

The above definition of admissible investment strategies is standard for exponential
utility maximization problems, see e.g. Hu et al. (2005), Jeanblanc et al. (2015), except
for point 4 where we require that the expected utility of the terminal wealth exists for all
risk aversion coefficients defined by I'. However, this requirement is clear since we aim at
solving an exponential utility optimization problem with risk aversion coefficient which
changes in time. Let us remark that points 2, 4 and boundedness of 1 imply that the
family {e*F(”)Xﬁ(T), T is an F — stopping time} is uniformly integrable for 7 € A and
r € R, which is often used in the definition of an admissible strategy instead of points 2

and 4, see Remark 8 in Hu et al. (2005). From financial point of view, points 2 and 4 of

10



Definition 2.1 or the uniform integrability of { e TX™T) T is an F — stopping time}
exclude arbitrage investment strategies from considerations, see Remark 2 in Hu et
al. (2005). The assumption of uniform integrability is slightly weaker than the other
common assumption that the wealth process should be bounded from below, which is
used to introduce so-called tame arbitrage-free strategies as admissible strategies, see
Definition 3 in Levental and Skorohod (1995). Tame strategies limit borrowing and
prevent doubling strategies.

The optimization problem (3.2) is an exponential utility maximization problem for
an investor with wealth-dependent risk aversion coefficient I'. We can define the objec-

tive function for (3.2):

VP (t, 2, p)
_ E[ — o Tk ) (-1 P@) | x (1) = 3. P(t) = p, (1) = k],

(t,z,p, k) € [0,7T] x R x (0,00) x {0,1,...,n}, 7€ A. (3.3)

The objective function (3.3) is well-defined for any 7 € A by point 4 of Definition
2.1. However, the optimization problem (3.2) is time-inconsistent and the Bellman’s
principle of optimality cannot be used to find the optimal strategy and the optimal
value defined by sup,.c 4 v*" (¢, z, p). We use the game-theoretic approach developed by
Ekeland and Lazrak (2006), Ekeland and Pirvu (2008),Bjork et al. (2017) and Bjork
and Murgoci (2014). In order to find the solution to (3.2), we consider a game played
by a continuum of players with different utilities where the player at time t has its
own risk aversion coefficient and only chooses the strategy at time t. We look for the

sub-game perfect Nash equilibrium in the game with the reward given by (3.3).

Definition 3.2. Let us consider an admissible strategy ©* € A. Fiz an arbitrary point
(t,z,p, k) €0, T) x Rx R x{0,1,...,n} and choose an admissible strategy = € A. For

0 > 0 we define a new admissible strategy

m(s), t<s<t+§,
ms(s) =
™(s), t+d<s<T.

11



If

VP (t, @, p) — VR (t, 1, p) -
3 >

lim inf s_0 0,

for all (t,x,p,k) € [0,T) x R x R x {0,1,....n} and 7 € A, then ©* is called an
equilibrium strateqy and v®™ s called the equilibrium value function corresponding to

the equilibrium strategy m*.

In order to characterize the equilibrium value function and the equilibrium strategy

with an HJB equation, we need to introduce the second function:

wk’“(t, T, p,T)
_ ]E[ . e—r(r)(X"(T)—J(T)n(P(T))) |X(t) =z, P(t) =p, J(t) _ k,R(t) _ TL

(t,z,p,r k) € [0,T] x R x (0,00) x R x {0,1,....,n}, m € A. (3.4)

The function w* gives the value of the objective (3.3) for the optimization problem with
the risk aversion depending on an auxiliary parameter r. The function w”* describes
the time-consistent part of the time-inconsistent optimization problem. Under the
game-theoretic approach, the agent at time ¢ forms a coalition for an infinitesimal time
period and solves a time-consistent exponential utility maximization problem with a
constant risk aversion coefficient over the infinitesimal time period, see Remark 2.3
in Bjork and Murgoci (2014). The value function for this optimization problem at
time ¢ is determined by w®(¢,x,p,r) where r = z — kF(t,p). However, the evolution
of wk(t,z,p,r) cannot characterize the dynamics of the value function of the time-
inconsistent optimization problem with time-varying risk aversion since the variable r
is held fixed in the definition of w*. Hence, we need the function v* and its dynamics
to fully characterize the equilibrium strategy and the equilibrium value function of the
exponential utility maximization problem with time-varying risk aversion.

We finish with section by presenting the HJB equation and a verification theorem
for our time-inconsistent optimization problem (3.2). First, we introduce operators

associated with the continuous parts of (X7, P, R).
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Definition 3.3. Let L] and M] denote second order differential operators given by

1
Lio(t,x,p) = ¢u(t, 2, p) (71 — k(D)) + S bua(t 2, p)7"0”

Fpelt, 2, p)Tbpop + Oylt, 7. p)ap + Sye(t, . D),
r(t @, p1) = LEO(t, @, p, 1)
+¢,(t,x,p, 1) <7w — ka(p) — kF,(t,p) — kE,(t,p)ap — %kap(t,p)pr2>
+%¢W(t, 2,p,7) (720 + (KFy(1,p)) 20" — 27k (1, p)bpop)
+¢pp(t, z,p,7) <7pr0'p - ka(t,p)b2p2>

+¢pe(t, z,p, 1) (7?202 — wkF,(t, p)bpap) .

The operators L and MG are defined, respectively, for ¢ € CH*2([0,T] x R x (0, 00))
and ¢ € C1*22([0, T) xR x (0,00) xR). The operator LTé(t, x,p,7) only acts on (t,x,p)

and r 1s kept as a constant.

Theorem 3.1. Let (A1)-(A5) hold. Assume there exist functions (v*)7_, € C([0,T] x
R x (0,00)) N CH%2([0,T) x R x (0,00)), (w¥)i_, € C([0,T] x R x (0,00) x R) N
CH222([0,T) x R x (0,00) x R) and an admissible strategy ©* = (7%*)7_, € A which

solve the system of HJB equations:

vF (t, z,p) + sup {Egvk(t, z,p) — MiwF(t,z, p,x — kF(t,p))

+ LIk (t, 2, p, x — k:F(t,p))} + <vk_1(t, x — B(p),p) — v¥(t, a:,p)) kX
(0 — B) pyw — KF(E,))

—w* Nt w = B(p). by — Bp) — (k= DF(t,p) ) kA =0,

(t,z,p) € [0,T) x R x (0, 00),
oF (T, 2, p) = — e T@=kn(p)(@—kn(p)) (z,p) € R x (0, 00),
™ = arg supy {E}gvk(t,x,p) — Miwk(t,z, p,x — kF(t,p))
+LIwR(t, z,p, 2 — kF(t,p))},

(t,z,p) € [0,T] x R x (0, 00), (3.5)

13



and

wf(t,z,p,7) + LT wh(t,z,p, 1)
(0 e = BE), by 1) — Wt ) JRA =0,
(t,x,p) € [0,T) x R x (0,00), 7 € R,

WH(T,2,p,7) = —e TOERO) (5 ) R x (0,00), r€R,  (3.6)
for k€ {0,1,...,n}. In addition, assume that the families

{vk(T, X™(T),P(T)), T is an FV'P — stopping time, T € [O,T]},
{wk(T, X™(T),P(T),R(T)), T is an FV'F — stopping time, T € [O,T]},

{wk(T, X™(T),P(T),r), T is an F"'B — stopping time, T € [O,T]}, r € R,

are uniformly integrable for any m € A and k € {0,1,...,n}. The strategy n* = (7**)1_,
is an equilibrium strategy for the time-inconsistent optimization problem (3.2) with
wealth-dependent risk aversion coefficient and v*(t,z,p) = v»™ (t,x,p) is the value

function corresponding to the equilibrium strateqy m*.

4 Perturbation theory and first-order approxima-
tions

It is known that it is hard to solve HJB equations for time-inconsistent optimization
problems, see Ekeland and Lazrak (2006), Ekeland and Pirvu (2008), Bjork et al. (2017),
Ekeland et al. (2012), Dong and Sircar (2014). In particular, we are not able to solve
our HJB equations (3.5)-(3.6) since standard separation methods cannot be applied and
we cannot split the variables in v* and w*. We use perturbation theory to approximate
the solutions to the HJB equations (3.5)-(3.6).

Perturbation theory deals with finding an approximate solution to a problem by
starting from the exact solution of a related, simpler problem. Perturbation theory

can be applied if our problem can be formulated by adding a small term to some
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parameter of the exactly solvable problem. The solution to the main problem is next
expanded in powers of this small parameter. The zeroth-order term in the expansion is
the exact solution to the simpler problem and the higher order terms in the expansion
describe deviations in the solution to the main problem from the solution of the simpler
problem. Since the perturbation technique is based on adding a small parameter, we
can truncate the series expansion of the solution to the main problem and keep the
first two terms of the expansion as the first-order approximate solution. In financial
applications, perturbation theory was developed by Fouque et al. (2011), Fouque et al.
(2014), Fouque and Hu (2017), Fouque et al. (2017).

It is clear that our exponential utility maximization problem with wealth-dependent
risk aversion can be related to a simpler exponential utility maximization problem
with constant risk aversion. In order to apply the perturbation theory to solve the
optimization problem (3.2), we consider a special structure of the wealth-dependent

risk aversion coefficient I'. We choose
L(r) =2 +mn(r)e, reR. (4.1)

We now assume that the insurer’s risk aversion coefficient I' consists of a constant risk
aversion 79 > 0 and a small amount € > 0 of wealth-dependent risk aversion ;. We

impose the technical condition:

(A6) The function 7; : R — R is bounded, decreasing, Lipschitz continuous and C?(R).
Moreover, v,(0) = 0.

The assumption that 7;(0) = 0 is a normalizing assumption for the risk aversion coef-
ficient. We note that if 7 > 0 then I'(r) < 7o, if 7 > 0 then I'(r) > 7.

Since our risk aversion coefficient (4.1) consists of a constant risk aversion and
a small amount of wealth-dependent risk aversion, we expect that the solution to
the exponential utility maximization problem with the wealth-dependent risk aver-
sion I'(r) = 70 + 71(r)e should be expanded around the solution to the exponential

utility maximization problem with the constant risk aversion 7. In particular, the
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zeroth-order approximation to the equilibrium value function and the equilibrium strat-
egy for the time-inconsistent exponential utility maximization problem (3.2) with the
wealth-dependent risk aversion (4.1) should coincide with the value function and the
optimal strategy for the time-consistent exponential utility maximization problem with
the constant risk aversion 7,. Hence, in the next section we start with investigating
the optimization problem (3.2) with I'(r) = vy = 7. In Section 5 we study some prop-
erties of the zeroth-order solution which allows us in Section 6 to derive the first-order
correction resulting from adding a small amount of wealth-dependent risk aversion to
constant risk aversion.

The goal of this paper is to establish the first-order approximations to the equilib-
rium value function and the equilibrium strategy for the optimization problem (3.2) in
the case of risk aversion I'(r) = o +71(r)e with small € > 0. Formally, we are interested

in finding functions (vE)P_,, (VF)_y, (mi")i_,, (x7F)_, such that

vR(t, e, p) = vp(t,x,p) + okt z,p)e+ O(?), €—0, (4.2)
Rz p) = wt(tap) + 7z ple+ O(2), € — 0, (4.3)

where (v*, 7*%)?_, solve the system of the HJB equations (3.5)-(3.6) with the risk
aversion I'(r) = o + 71 (r)e. The formulas (4.2)-(4.3) denote that

v (t, @, p) + i (8, p)e and " (t, @, p) + (¢, @, p)e, (4.4)

are the first-order approximations to v¥(¢,z,p) and 7**(¢,z, p) for small e. More pre-
cisely, the functions (4.4) which satisfy (4.2)-(4.3) are called the asymptotic first-order
approximations to v*(¢,x,p) and 7**(t,z,p) as € — 0. The error of the approximation
in (4.2), or (4.3), is of a higher order than the approximating function and it is con-
trolled with a function of order O(€?), see Definitions 1.1 and 2.1 in Holmes (2013). Let

us recall that
(1)~ O as e =0 if |25(x)] <K, 0<e<e,
for some ¢y > 0, where K is independent of € but may depend on (z, €).
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For details on perturbation theory we refer e.g. to Holmes (2013). In order to
clarify the idea behind finding the asymptotic first-order approximation to a solution
of an equation, we present a simple example from Chapter 1.5 in Holmes (2013). Let

use consider the equation

22+ 2ex —1=0. (4.5)
We postulate that the solution to (4.5) has the asymptotic expansion

x=1x9+ 216+ O(?), €—0.
We substitute the expansion to (4.5) and collect the terms of order O(1), O(e), O(€?):
zy — 1+ 2(xo + zoz1)e + O(?) = 0.
We choose z and z; so that the terms of orders O(1), O(e) are zero. We find
ro==x1, z;=-1.

The solution £ = 41 — € is the first-order approximation to the true solution x =
++/€2 + 1—¢ of equation (4.5) with small €, or the asymptotic first-order approximation
as € — 0, since (4.2) hold. In other words, the error of approximating z = +v/e2 + 1 —¢
with # = 41 — € is a function of order O(e?) as € — 0. We can note that the first-order
approximation to the solution to (4.5) results from expanding the true solution around
the exact solution to (4.5) with € = 0. We will use the same reasoning in Section
6 where we postulate the asymptotic first-order approximation to the solution to our
optimization problem (3.2) with the risk aversion coefficient (4.1). We remark that,
by construction of the approximate solution inspired by perturbation theory, we only
consider the wealth-dependent risk aversion coefficient I'(r) = 7o + 71(r)e with small

e > 0.
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5 The optimization problem with constant risk aver-
sion coefficient

Since we expect that the zeroth-order approximation to the solutions to the HJB equa-
tions (3.5)-(3.6) are given with the solution to the exponential utility maximization
problem with constant risk aversion, we start with investigating the optimization prob-
lem (3.2) with I'(z — kF(t,p)) = 7.

First, let us introduce some spaces and their norms. Let G be some filtration and
g > 1. Let R%(G) denote the space of G-adapted processes X' such that ||X||r: =
(E[supte[oj] |X(t)|q})% < 00. By R*(G) we denote the space of bounded G-adapted
processes equipped with the norm [|X||zr~ = sup;cp ) [X (t)]. Let H(G) denote the
space of G-predictable processes X such that ||X||ye = (E[(fOT |X(t)|2dt)q/2])% <
oo. Finally, let BMOY(G) denote the space of uniformly integrable G-martingales X
such that ||X]|5ar0r = SUDG_stopping time » (E[|X(T) — X(7)1|F])* < co. BMO®-
norm is equivalent to BMO%-norm, and we will use BMO?-norm, see Corollary 2.1
in Kazamaki (1997). For a martingale X(t) = [5 Z(t)dW (t) we have ||X||ppo> =
SUDG _stopping time (E[fTT |Z(t)\2d5|]:7})%. If Z € H*(G), we will abuse the notation
and set [|2] oz = || f3 Z00AW (0)] 53102 = SUDe_sopping come + (L [T |Z(0[ds|F])%.
Moreover, the norm || - || g0z will be simply denoted by || - || sao-

We define the objective function and the value function for the exponential utility

maximization problem with constant risk aversion:

Vit p) = B[ e OO |y () = o, P(t) = p, J(t) = K],
(t,z,p, k) €0, T] x R x (0,00) x{0,1,....,n}, m € A, (5.1)
VE(t,z,p) = sup VP (L, z,p),

meA
(t,z,p, k) €0, T] x R x (0,00) x {0,1,...,n}. (5.2)

It is known that the solution to the optimization problem (5.2) can be characterized

with solutions to BSDEs or PDEs.
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Let us study the system of BSDEs:

2527 - /fOé(P(S)) + ng(s) — %7(25(8))2

T
Yho = kP - [ (
t
Y BP()+Y 1 (5)=Y*(s)) _ q
- FA)ds
Y

—/tTZf(s)dW(s)—/thg(s)dB(s), 0<t<T, ke{0,1,..,n}, (5.3)

Proposition 5.1. Let (A1)-(A3) hold.

(i) There exist unique solutions (Y*, Z¥, Z¥)r_, € R*(FW:B) x HA(FW-B) x H2(FWP) to
the system of BSDEs (5.3) such that, for each k = {0,1,...,n}, the process Y* is bounded
and ( [y ZF(s)dW (s),0 < t < T),( [, Z5(s)dB(s),0 < t < T) are BMO(F"P)-
martingales.

(ii) The norms ||[Y*||ree, 1257|510, 11257 |5mo are bounded uniformly in k €
{0,...,n} and v € (0 — €,7 +¢€) for e <.

(iii) Let (Y®EP)"_ denote the solutions to the BSDEs (5.3) with the forward equation
(2.3) with the initial condition P(t) = p. For each k ={0,1,...,n}, we have

E[ sup Y0P (s) — Yk’t”"(S)fq} <Klp-p|, q¢>1, (5.4)
s€[0,T]

for any (t,p), (t,p') € [0,T]x(0,00), where the constant K is independent of (k,t,p,p’).

Alternatively, we can consider the system of PDEs:

k pbp k Lo ok p kA

E(ep) + (0= B )ohi(eop) + 500 (1) + ka(p) 5o =
k—1

e1B(P) yh" 1 (t:p) g

g
+;’7( )b2 2(hk(t p)) =0, (t,p)€]0,T) x (0,00),
W (T,p) = kn(p), p€(0,00), ke€{0,..,n} (5.5)

Proposition 5.2. Let (A1)-(A3) hold.
(i) There exist unique solutions (h*)7_, € C([0,T] x (0,00)) N C2([0,T) x (0,00)) to
the system of PDEs (5.5).
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(ii) We have

YE(t) = hE(t, P(1)),  Z{(t) = hy(t, P()bP(t)p,

Zy(t) = hi(t, P()bP(t)\/1 — p?, 0<t<T, keA{0,..,n} (5.6)
where (Y*, ZF, Z5)n_ are defined in point (i) of Proposition 5.1.
The optimal solution to (5.2) is characterized in the following theorem.

Theorem 5.1. Let (A1)-(A3) hold. The strategy

() = > Arm{J(t-) =k}, 0<t<T,

k=0
k
) = — 4+ —=, 0<t<T 5.7
) = G20 ocesr (5.7

is the optimal admissible investment strategy for the optimization problem (5.1)-(5.2)
and VF(t,x,p) = VE™ (t,2,p) = —e_“’mewk(t)\p(t):p is the value function corresponding
to the strategy m*. Alternatively, we can characterize the optimal strategy (5.7) with the

functions (h*)?_, from Proposition 5.2.

Expansions in perturbation theory are often justified by recalling Taylor’s theorem
and expanding the function in powers of small parameter €. This implies that the
term of order O(e€) in the expansion is related to the first derivative of the function
with respect to the parameter which is perturbated by adding e. The value function
from Theorem 5.1 depends on the risk aversion coefficient ~, in particular the solutions
(YF¥)n_, and (h*¥)?_, depend on ~y. Consequently, our next step is to investigate the
derivative of the process Y*. and the derivative of the function h*, with respect to
risk aversion coefficient . The following propositions are crucial for establishing the

first-order correction in the expansion of the equilibrium value function.

20



Let us introduce the system of BSDEs:

2

T
kyy — _ H _1 kyy 2
) = [ (= i - 5@
N BP()+YH=17 (5)=Y R (3)) (7 (5(13(5)) L YRA(s) — Ylm(s)> — 1) +1
— kA
Y

A (BEEH )R oy k-t )
)

[\

1+t (BEEH 105 6) o + E21(s) — 1257 (0257 (1) ) ds
g

—/Tzfﬁ(t)dvv(t)—/ngﬂ(t)dB(t), 0<t<T, ke{0,..n}, (58)

t t

Proposition 5.3. Let (A1)-(A3) hold. Consider the processes (Y™, ZP7, Z5")p_,
which solve the BSDEs (5.3).

(i) The processes (Y*, Z17, Z5"p_ are differentiable with respect to the risk aver-
sion coefficient v in R2(FW-P) x H2(FW:B) x H2(FWB) and the derivatives Y*7(t) =
%Y’W(t), ZF(t) = %Zf”(t), ZE(t) = %Zf”(t)solve the system of the BSDEs (5.8).
(ii) For each k = {0,1,...,n}, the process Y*7 is FWV-B_adapted, (217, Z¥7) are FW:B-
predictable, Y*7 is bounded and (f(f ZP(s)dW (s),0 < t < T), (f(f 227 (s)dB(s),0 <
t <T) are BMO(F"-5)-martingales.

(iii) The norms || V||, [|Z57|sro, 1257 |sao are bounded uniformly in k €
{0,...,n} and v € (70 — €,7 + €) fore < .

(iv) For each k = {0,1,...,n}, the solution to the BSDE (5.8) is unique in R*(FW-5) x
HE(FWB) x H2(FV-P).

(v) Let (YHUP)n_ denote the solutions to the BSDEs (5.8) with the forward equation
(2.3) with the initial condition P(t) = p. For each k ={0,1,...,n}, we have

E| sup [Y47(s) = Y ()] < Kp =y, > 1, (5.9)
s€[0,7T

for any (t,p), (t,p') € [0,T]x(0,00), where the constant K is independent of (k,t,p,p’).

The last result of this section establishes the relation between the solutions to the
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BSDEs (5.8) and solutions to PDEs. We investigate the system of PDEs:

b 1
g; (t,p) + (a — % + (1 - ﬂ2)62ph’;(t,p)>pg§(t,p) + 562p29’,§p(t,p)

—e7 (B(p)+h’“*1(t7p)—h’“(t7p)) kAR (t, )
2

1
+2:272 +50 - P20 (hE(t,p))”
¢ (@0 -t ep) (7 <ﬁ(p) + Rt p) — h’“(t,p)> - 1) +1

+ kA

72
o (PO D) gk (1) = 0, (1,p) € [0,T) x (0,00),

g"(T,p) =0, pec(0,00), ke{0,..,n}, (5.10)

where (hy)}_, are defined in Proposition 5.2. We need to impose an additional smooth-
ness condition for the functions (h*)?_, in order to guarantee smooth solutions (¢g*)7_,

to (5.10). We assume that
(A7) There exist mixed derivatives (hf,)i_, € C([0,T) x (0, 00)).

Assumption (A7) is not needed if p? = 1, e.g. when the benefits «, 3,7 are contingent
on the tradeable risky asset S.

Proposition 5.4. Let (A1)-(A3) and (A7) hold.

(i) There exist unique solutions (¢*)7_, € C([0,T] x (0,00)) N C2([0,T) x (0,00)) to
the system of PDEs (5.10).

(ii) We have

VE(t) = g"(t, P(1),  ZE(t) = g,(t, P(t))bP(t)p,
Z5(t) = gi(t, P())bP(t)\/1—p?, 0<t<T, ke{0,..,n}, (5.11)

where (Y*, ZF ZE\n_ are defined in Proposition 5.3.
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6 The optimization problem with wealth-dependent
risk aversion coefficient

In the view of the discussion from Section 4, we postulate the following first-order

expansions:
(txp) = vt x,p) + it ple+ O(F), €—0, (6.1)
wh(t, @, p,r) = wt,z,p) + wi(t,z,p,r)e + O(&), €= 0, (6.2)
o (tap) = w (ta,p) + (L pe+ OF), e—0. (6.3)

We also assume that derivatives of (v%)7_,, (w*)7_, satisfy the first-order expansions of
the same form (6.1)-(6.2), see Chapter 1.4.3 in Holmes (2013).

From equation (3.5) we deduce that the true equilibrium strategy takes the form

T (t, 2, p)
(v’i(t, z,p) — wi(t, z,p,z — kF(tP)))M
(vhs(t.2.p) = why (1,2, py0 = KF (1)) = 20, (2, p,w = KF(t,p)) )0
(v’;z(t, ,p) — wy,(t, 2, p, v — kF(t,p))>bp0p
(vho(t.2.p) = why (t,2.pyw = KE () = 20, (2, p,w = K (£,p)) )0
(wfr(t, z,p,x — kF(t,p)) + wi,(t, 2, p, 2 — kF(t,p)))ka(t,p)bpap

(v’;x(t, x,p) —wk (t,z,p,x — kF(t,p)) — 2wk (t,z,p,x — k:F(tp)))aQ’
(t,x,p, k) € [0,T] x R x (0,00) x {0, ...,n}. (6.4)

We remark that w, in (6.4) denotes derivative of w with respect to r valued at r =
x — kF(t,p). If the first-order expansions (6.1)-(6.2) for the functions (v*)7_,, (wg)i_,
and their derivatives are substituted into the equilibrium strategy (6.4), then we can

confirm the first-order expansion for the equilibrium strategy (6.3). In the expansion
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(6.3) we have to use

B Ug,x(t’ T, p)p+ vg,m(t, x,p)bpop
Ug,:m:(t? xap>0-2
’U(Iix(tv :l?,p),u + U(Iipx(t7 x, p)bpap

(0f o1, 2,9))%07
'<fox(t7l‘7p) - wlf,rr<t7 ,p, T — ]{ZF(t,p)) - 2wlf,xr(t7 T,p, T — kF(t,p)))
(vhat,2,p) = wh, (b 2,9, = KF(t,p) )
V) (£ 2, P) 0
<v’f,pz(t, ,p) = wipe(t, 2, p, 7 — kF(t,p))>bp0p
V) g (£ 2, P) 0
<wlf,rr(ta T,p; T — kF(t>p)) + wlf,xr(t7$ap7$ - kF(t,p)))ka(t,p)prp

U (£, 2, P) 0

k,*
7TO (ta xvp) =

I

W’f’*(t, x,p) =

We now substitute the expansions (6.1)-(6.3) for (v*)7_,, (wy)?_, and (7%*)7_, into the
system of HJB equations (3.5)-(3.6). We collect the terms of order O(1), O(e), O(e?)
and set them to zero, see Section 4. After some calculations, we can derive the system

of PDEs:

k,x
Ug,t(ta I,p) + ‘Cko Ug(t,:E?p) + <Ug_1(t7'r - B(p)ap) - U§<t’x7p>)k)‘ - 07
(t.2,p) € [0,T) x R x (0, 00),

v (T, 2,p) = —e 0D (2, p) € R x (0, 00), (6.5)

k,*

oby(tap) + L1 vt w,p) = M wh(t,p,w — KF (1, p)
L (b, — (D) + (087 (6 = 50).p) — ok (1,2, 9) )X
+(wh = B) oo — KF(E))
—wf (tw = B(p).p.x = Bp) = (k= DF(t,p)) ) kA = 0,
(t,z,p) € [0,T) x R x (0, 00),

vlf(Ta I‘,p) =N (ZE - k”?(p))(l' - kn(p))e—'yo(x—kn(p))7 (:E,p) € R x (07 OO), (66)
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k%
wh (b, 2, p) + L0 wi(t,x,p) + (w’(?_l(t, x— B(p),p) — wh(t, wm)) kA =0,
(t,.p) € [0,T) x R x (0,00).

wy(Tz,p) = —e P (2, p) € R x (0,00), (6.7)

k,*
w'ﬁt(t, z,p,7) + L0 wh(t,z,p,r) + <w’f‘1(t,a: — B(p),p.7) — wh(t,z,p, r))k)\ =0
(tul'7p) € [07T) x R x (0700)7 r €R,

wi (T, @, p,r) = m(r)(z — kn(p))e ) (2, p) € R x (0,00), r €R,  (6.8)

for k=0,1,...,n.
Recalling the discussion from Section 4, we expect that

ve(t,x,p) = VFO(t zp) = —e_%ze”ohkﬂo(t’p), (6.9)

wh(t,z,p) = VFO(t, x,p) = —e 10700 0R) (6.10)

where (hy)p_, are defined in Proposition 5.2. If (6.9)-(6.10) indeed hold, then

neo hE0(t, p)bpp
27 o '

(L p) = (6.11)

Our choices (6.9)-(6.11) can be verified by direct substitution into (6.5)-(6.6). We can
also expect that
k(6 ,9) = (e — KF ()2 VE (62, p)
1\, T, P Y1 T » P d/}/ y Ly P Y="0
= m(z—EkF(t,p)) (:C — R0t p) — yogF0 (t,p))e’”o""”e%hmo(t’p), (6.12)
d
u}llC (t7 T, P, T) =N (T’)avk”}/(t, Z, p)l’Y:’YO

= n(r) (:v — BR0(t, p) — Yog™0 (t,p))e’””e%hw tp), (6.13)

where (g%)7_, are defined in Proposition 5.4. Our guesses can again be confirmed by

direct substitution into (6.7)-(6.8). We now get

_rnlE—kE(tp) gy (Lp)m(x — KE(Ep))bpp
o2 o .

Ttz p) = (6.14)
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By Propositions 5.2 and 5.4, our solutions (v§,vf, w§)r_, € C([0,T] x R x (0,00)) N
C122([0,T) x R x (0,00)) and (w})?_, € C([0,T] x R x (0,00) x R)NCH*2([0,T) x R x
(0,00) x R). Hence, we have found smooth solutions to the PDEs (6.5)-(6.8). These
solutions allow us to define the first-order approximations (6.1)-(6.3) to the true equi-
librium investment strategy and the true equilibrium value function of our optimization
problem with small amount € of wealth-dependent risk aversion.

We can now state our main result.

Theorem 6.1. Let (A1)-(A7) hold. Consider the BSDEs (5.3) and (5.8). For a
sufficiently small € > 0, the strategy

() = ZA’” {J(t—) =k}, 0<t<T,

k7
H Zy7° ()
o270 o

+<_ a +me(t))%()(ﬁ*(t—)—kF(t,P(t)))e, 0<t<T, (6.15)

o2~} o
is admissible, i.e. #* = (#%*)7_, € A. The investment strategy (6.15) is a candi-
date asymptotic first-order approximation to the equilibrium investment strategy for the
optimization problem (3.2) with the wealth-dependent risk aversion coefficient I'(r) =

Yo + 71(r)e as € — 0. Alternatively, we can characterize the investment strategy (6.15)

with the functions (RF)_, (¢*)i_, from Propositions 5.2, 5.4, see (6.11),(6.14).

Remark: In this paper we have not formally confirmed the order of the approxima-
tion error in (6.1)-(6.3), see Section 4 for the definition of the asymptotic first-order
approximation. Hence, the strategy (6.15) is only a candidate asymptotic first-order
approximation to the equilibrium investment strategy. We remark that only the order
of the approximation error have not been proved, whereas the first-order approxima-
tions have been justified and formally derived on the grounds of perturbation theory,
the discussion in Section 4 and the calculations in this section. In Delong (2018b) we
study an asymptotic optimality of our investment strategy and we formally show that

(6.15) performs better than any strategy in the class mo(t) + m1(t)e up to the second
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order O(€?) in the asymptotic expansion of the value function as € — 0. We refer the
reader to Delong (2018b). O

Our investment strategy (6.15) agrees with intuition. The zeroth-order strategy,
i.e. the first term in (6.15), is the optimal investment strategy for the insurer with
constant risk aversion 7y who aims at maximizing the expected exponential utility of
the terminal wealth. The zeroth-order strategy consists of the constant Merton strategy
and the hedging strategy for the claims, which are optimal if the constant risk aversion
7o is used over the whole investment period. Since the insurer uses the risk aversion
coefficient I' consisting of the constant risk aversion 7y and the wealth-dependent risk
aversion -y, the insurer should adjust the strategy and allow for the time-varying risk
aversion. The first-order correction, the second term in (6.15), describes the first-order
change in the zeroth-order strategy if the constant risk aversion coefficient =, is modified
by adding a small amount of the wealth-dependent component ;. The Merton strategy
and the hedging strategy, which are optimal for the constant risk aversion g, are both
adjusted in (6.15) to reflect changes in the risk aversion coefficient and they now take
into account the new value of the insurer’s wealth-dependent risk aversion I' at a given

time.

7 Examples

In this section we illustrate Theorem 6.1 with examples. We investigate the BSDEs
(5.3), (5.8) and the investment strategy (6.15) in some special cases relevant for insur-
ance and financial applications.

Example 1. Let us assume that the insurer is not exposed to insurance risk and has no
liability. Hence, in this example we consider a pure investment problem for an investor
with the wealth-dependent risk aversion (4.1). We expect that the equilibrium strategy
is related to the Merton strategy. It is easy to see that we can set Z{(t) = 0 and
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Z!(t) =01in (5.3), (5.8). The first-order approximation to the equilibrium strategy is

) = o (X)) (7.1)

We end up with the Merton strategy with the constant risk aversion 7, which is ad-
justed with a wealth-dependent term when the insurer’s wealth-dependent risk aversion
deviates from .
One may wonder if
~ H
() = ——m—, 7.2

is the true equilibrium strategy for our time-inconsistent pure investment problem, since

s 0 1 I 2
7 (1) = = (T @)et 0@).
o? (70 +m (X’”(t))e) "% 0%
The answer is no. The strategy (7.2) is called a naive strategy. For simplicity of
presentation, let us slightly move away from the model considered in this paper and
assume that I'(r) = vo/r. The wealth process (3.1) under the strategy (7.2) takes the

form

S
2

dX™ (t) = p

X (t) (ndt + adW (2)). (7.3)
From (3.3)-(3.4) and (7.3), we can conclude that

YoT

w™ (t,x,r) = ]E[ —e &’T], v (t,x) = E[ - e’”’oﬁt’T} : (7.4)

where & r is a random variable with log-normal law. If the strategy (7.2) were the true
equilibrium strategy, then (7.4) would be the functions which satisfy the HJB equation
(3.5). In particular, from (6.4) we could recalculate the equilibrium strategy. We get

[ . E [6*’70§t,T€t7T]
T = X7 (t ,
0" E[ — e*"/Oft,Té'tQT}

(7.5)

which does not coincide with the strategy assumed in (7.2). Summing up, the first-order

approximation (7.1) to the equilibrium strategy agrees with our intuition, but the naive
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strategy (7.2) is not the equilibrium strategy for our investment problem. A numerical
comparison of the true equilibrium strategy and the naive strategy is presented in
Delong (2018a). O
Example 2. Let us assume that the insurer is not exposed to insurance risk but has a
terminal liability n. Clearly, the Merton strategy must be complemented with a hedging
strategy for . We assume that the market is complete, i.e the liability n is contingent
on the index P which coincides with the tradeable index S. We can set Z/(t) = 0 in
(5.8), but we cannot set Z/(t) = 0 in (5.3). Fortunately, we can set Z, (t) = 0 in (5.3),
and we end up with the linear BSDE:

2

Y7(t) = n(P(T)) - /tT( b+ E21(s))ds - /tT Z7(5)dW (s). (7.6)

202y o

The solution to (7.6) can be derived by classical techniques, see e.g. Proposition 3.3.1
in Delong (2013). The solution Z; to (7.6) gives us the hedging strategy for n which
should be applied by the insurer with the constant risk aversion +. However, the
process Z] does not depend on the risk aversion coefficient 4. The independence of
the hedging strategy of the risk aversion is due to market completeness as the liability
n can be perfectly hedged. Consequently, the insurer does not have to modify the
hedging strategy when his risk aversion changes. The first-order approximation to the

equilibrium strategy is

+

P R O
ot o 0¥

Y1 (X (t) — F(t, P(t))e.

The strategy consists of the Merton strategy and the hedging strategy for n, but only the
Merton strategy with the constant risk aversion vy is adjusted with a wealth-dependent
term as the insurer’s wealth-dependent risk aversion varies in time. O
Example 3. In this example we assume that the insurer is exposed to a terminal
liability n which is paid if the policyholder survives. We assume that the liability n
is contingent on the index P which coincides with the tradeable index S. Since the
market is incomplete due to insurance risk, the hedging strategy for 7 now depends

on the insurer’s risk aversion coefficient and should be updated when the risk aversion
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changes. In this example we have to solve both (5.3) and (5.8). We can set Z; (t) =0
and ZJ(t) = 0. We deal with two BSDEs:

2 (Y e-ye)

Y1) = n(P(T)) — /t T( B Bty - /\>ds

202y o v

- /t 2 ()dW (s), (7.7)
V()

o /T ( @ RICORE0) (v(y*2(s) = V() 1) + L

2

20242 v
_e,y(yo,’y(s)_Ylv’Y(s)) )\yoﬁ(s) + ew(yon(s)—yl,v(s)) )\ylﬁ(s) + nglﬁ(s)>dS

— / ! ZP(6)dW (1), (7.8)

where Y07(t) = — 2527 (T —t) and Y (t) = %(T —t). The first-order approximation

to the equilibrium strategy, applied if the policyholder lives, is

~ 1% _ 1% le’%(t)
Tor(t) = . + > 1
+( - 0_5%2) + Zl’a (t))% (X™(t=) = F(t,P(t)))e. (7.9)

The Merton strategy and the hedging strategy for 7, which are optimal for the constant
risk aversion 7y, are both adjusted with wealth-dependent and liability-dependent terms
as the insurer’s wealth-dependent risk aversion varies in time. If the policyholder dies,
then the strategy from Example 2 is applied. The BSDE (7.8) is a linear equation and
we can give a probabilistic representation of the solution, see Proposition 3.3.1 in Delong
(2013). The solution to the BSDE (7.7) is investigated in Moore and Young (2003) and
Ankirchner et al. (2010) in the context of different optimization problems. H
Example 4. Finally, let us assume that the insurer is not exposed to insurance risk but
has a terminal liability n which is contingent on the non-tradeable index P correlated
with the tradeable index S. The market is incomplete due to non-hedgeable financial
risk. As in the previous example, the hedging strategy for 1 depends on the insurer’s

risk aversion coefficient. We have to solve both (5.3) and (5.8), and we cannot set
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Z3(t) =0, Z](t) = 0. We consider two BSDEs:

Vi) = w(P(T) - /tT(“Q A2 - Sz )ds

202y o
T

/ 21 - /t " Z(9)dB(s) (7.10)
Yo - /T( oy —%(ZV( o +ﬁ23<s>—vzg<t>z;<t>)ds
/ /Zv 1)dB(t (7.11)

and the first-order approximation to the equilibrium strategy takes the form

A () = ko Z1°(t)
a0 o .
+< — O'éu’}/g + Zlo-(t)>fyl (Xfr* (t) — F(t, P(t)))e. (7.12)

Again, the Merton strategy and the hedging strategy for 7, which are optimal for
the constant risk aversion 7y, are both adjusted with wealth-dependent and liability-

dependent terms as the insurer’s wealth-dependent risk aversion varies in time. O

8 Proofs

Proof of Theorem 3.1: The proof is standard and we refer to the proof of Theorem

5.2 from Bjork et al. (2017). O

Proof of Proposition 5.1: Assertion (i): Let k = 0. By direct substitution, we can
check that the processes
2

YO(t) = _2527(T —1), 22)=27%)=0, 0<t<T, (8.1)

satisfy the BSDE (5.3) with £ = 0. The uniqueness of solution to (5.3) for £ = 0 follows
from Lemma 4.11 in Jeanblanc et al. (2015). The properties of the solution (8.1) are
obvious. Next, we fix k € {1,...,n} and Y*7! is given. Assume that Y*! is bounded,

which is the case for Y°. The assertion (i) for the BSDE (5.3) follows from Lemma
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4.11 in Jeanblanc et al. (2015), as the assumptions of this lemma are satisfied for our
BSDE with £ fixed.

Assertion (4): The bounds for ||Y*||re, [|Z¥||lBrmo, ||Z%||Bmo can be deduced from

Lemma 4.11 in Jeanblanc et al. (2015) (Steps 2 and 3 in their proof). Let us consider
the generator of the BSDE (5.3):

2

I 1
2077 ka(w) + e §7|22|2. (8.2)

qk(ta W, Y, z1, Z?) =

Let My, = K(1+y+k+ %Y) where K is a constant independent of (k,~y). The generator
(8.2) satisfies the following conditions (Assumption 4.8 from Jeanblanc et al. (2015)):

" (t,w,0,0)]

IN

M .,

|qk(t7 W, Y, z1, ZQ) - qk(ta w, Y, 217 Zé |

|qk(t»w7972’1722) —qk(t7y/721722 07

)

‘qk(taway7Z1722)‘ < Mk»’Y(l + ’21’2 + |22’2)’
)
)

IN

Mieo (1 |z2] + 23]/ |21 = 212 + |22 — 24].

By Lemma 4.11 from Jeanblanc et al. (2015), we can directly establish the bounds for
the solution to (5.3):

Yl < K™ (k4 My + 1Y e + 1) o= K,

125 oaso + 1125 o < KehrReo (14 My (1 + K

1 + eV EHIY* 17 [goo + K )
—f—Mkﬁ ~ (n - k)))

1
M

(8.3)

where K denotes another constant independent of (k,~y). Since we have a finite sequence
of (Yk, ZF, Z¥)n_ and (YO, Z0, Z9)n_, is given by (8.1), the assertion (i) holds.
Assertion (iii): Similarly to (8.3), we can deduce that

. k77
Y592 |ree + (|20 [Baro + 1125 [5a0 < K, (8.4)

where the constant K is independent of (k,¢,p). Let us introduce the function

2

k,t,p J— 'LL _ tzp H
Y (), 21(0)) = s~ ka(PT() + E2i(s)
AV(BPP(5)+YH102(5)-Y () _ |
_¢ kA,
y
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We remark that parameter p in ®? also affects the process Y+~ 14P  We fix k €
{1,...,n} and Y*~! is given. We apply Theorem 5.1 from Ankirchner et al. (2007). For
any ¢ > 1, we have the following estimate for the solutions to the BSDE (5.3):

E[ sup |Y*P(s) — Yk’t’p,(s)|2q

s€[0,T]
T - q
+</0 |Zf7t,l’(3) - vatvp (S)‘st +/O }Z;c,t,p(s) _ Z;c,t,p’(s)|2d$> }
/ 2qr?
< K(B[[kn(pe) —n(p ()
+ ( /OT R (s, YRR (5), Z{HP(5)) — PP (s, YRIP(5), 270 (s)) \ds> 2"’"2] ) %27
(8.5)

where the constant K depends on ¢, T, the Lipschitz constant of (y, z1) + ¢¥*5P (s, y, 21)
and || 28" 4 ZE4|| s10. The constant r is also related to ||Z¥5F + ZEY||5y0 by
Theorem 5.1 from Ankirchner et al. (2007) and Theorem 3.1 from Kazamaki (1997).
By (A3) and the assertion (ii), the Lipschitz constant of (y,21) — ¥84P(s,y, 21) is
independent of (k,t,p). Moreover, by (8.4), the norm ||Z5"?||gaso can be bounded by
a constant independent of (k,t,p) (see (8.4)). Consequently, we can choose universal
constants > 1 and K in (8.5) for all (¢,p), (t,p") € [0,T] x (0,00) and k € {1,...,n}.
Since (Y*)1_, is uniformly bounded in (¢, p, k), the functions «, 3,n are bounded and
Lipschitz continuous, and
E[ sup |P"P(s) — Pt”’/(S)\q} <Klp-p|" q¢>2
s€[0,T]
we can deduce that

E[ sup [Y*P(s) — Yk’t’p/(s)lzq
s€[0,7T

4 kit kt.p 2 T kit kt.p 2 q
S) — S S S) — S S
_|_</0 ‘Zlmp( ) ZIHP( )} d +/0 {227717( ) Z2Hp( )‘ d > }

grn L
< K (!p -+ E[ sup [VEZLR(5) — YR (5) 2 D " (8.6)

s€[0,7T
The result (5.4) can be proved if we iterate (8.6) starting with (8.1). O

33



Proof of Proposition 5.2: Assertion (i): If |p| = 1, then we deal with the PDEs:

2 kX
20%y v

b 1
hy(t,p) + (a — %)ph’;(t,p) + Qb%zhpp(tap) + ka(p) —

eYB®) Yh* 1 (t.p)

ke~ Yh"(tp) — 0, (t,p)€0,T)x(0,00),
gl

W*(T,p) = kn(p), p € (0,00). (8.7)

If |p| < 1, then we introduce h¥(t, p) = e(=P " (1) and we deal with the PDEs:

- b ~ 1 ~

hi(t,p) + (a — %)ph’;(t,p) +50°P* Ry, (¢, p)
2 ~

+(tka(p) = 2= = kA) (1 = ) (t,p)

2

80 (1= p) (W (1, p) TR AR (8, ) TP =0, (t.p) € [0,T) x (0,00),
BT, p) = 700 p € (0, 00). (88)
For k = 0 we immediately get h°(¢, p) = —%(T —t) and uniqueness of solution follows

from Proposition 2.3 from Becherer (2005).
Equation (8.7): The result follows from Propositions 2.1 and 2.3 from Becherer (2005),

which should be applied iteratively to the PDEs (8.7) starting with k = 1 and h°. Fix
k € {1,...,n} and h*~! is given. Assume that h*~! is uniformly bounded on [0, 7] x
(0,00) and hE~1 € C([0,T] x (0,00))NCH2([0,T) x (0, 00)), which is the case for h°. We
define an operator based on Feynman-Kac formula and Proposition 2.1 from Becherer

(2005):

T 2
_ RO _ K kA
(A0)(t.p) = B2 [kn(P(T)) + [ (kalPls) = o = &
B(P(5)) gyh* 1 (s.P(s))
+ EATHTO) as|P(t) = ], (t.p) € [0.7] x (0,00)
where
Cif—(gf)) = (a— Mpr)dt +b(pdWO(t) + /1 — p2dB(t)), 0<t<T.

Let us consider a sequence (h%,)%_, defined with k¥ (¢, p) = (ARE)(t,p). We can ob-

serve that if k¥ (¢, p) > —(zg; - ’%)T, then hf,_ (¢, p) > —(2527 - %)T Since h% (¢, p)
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is uniformly bounded from below in (¢,p,m), it is also easy to see that h¥ _,(¢,p) is
uniformly bounded from above in (¢, p, m). Hence, the assumptions of Proposition 2.1
from Becherer (2005) are satisfied. We conclude that there exists a unique fixed point

of the operator A and a unique solution h* to the equation h*(t,p) = (AR¥)(t,p),

o
m=0"

which can be derived from (h¥) Next, we use Proposition 2.3 from Becherer
(2005) to show that the fixed point h* is a smooth function and satisfies the PDE
(8.7). We investigate smoothness properties of the successive elements in the sequence
hE 1 (t,p) = (ARE)(t,p). Assumptions (2.9)-(2.12) from Becherer (2005) are satisfied,
but (2.13) is not clear. However, a closer look at the proof (see (2.16)) shows that it is
sufficient to require that

12 kN e1B®) e T (D)

2%y

(t,p, ) = ka(p) kxe™?,

is uniformly Hélder continuous on [0, 7 — €] x D x [K;, K, ], where € > 0, D is a bounded
subset of (0, 00) such that D C (0, 00), and K, K, denotes the lower and upper bounds
for the sequence (h%)>°_ ;. Since h*~! € C([0,T] x (0,00)) NC*?([0,T) x (0,00)), this
assumption holds in our case. Hence, from Proposition 2.3 in Becherer (2005) we
can conclude that the sequence (h%)%_, is in C([0,T] x (0,00)) N CY2([0,T) x (0,00)).

Moreover, the PDE (8.7) has a unique solution in C([0, 7] x (0, 00))NC*2([0, T') x (0, 00)),
uniformly bounded on [0,7] x (0,00), which is determined by the fixed point of the

o0

operator A and the sequence (h¥ )%_.

Equation (8.8): The proof is analogous. This time we assume that hE=1 is uniformly

bounded on [0, 7] x (0, 00), positive and uniformly bounded away from zero on [0, 7] x
(0,00) and A¥~1 € C([0, T] x (0, 00)) NC2([0, T) x (0, 00)), which is the case for h°. We
introduce the appropriate operator A based on Feynman-Kac formula. We note that if
hE (t,p) > e_(%%’\)(l_’ﬁﬁ > 0, then h% ., (t,p) = (ARE)(t,p) > e—(;%%,\)u—p?)T > 0.
Since A% (t,p) is positive and uniformly bounded away from zero in (t,p,m), it is also
easy to see that ﬁfnﬂ(t,p) = (.Aizfn)(t,p) is uniformly bounded from above in (¢, p, m).
Hence, the assumptions of Propositions 2.1 and 2.3 from Becherer (2005) are satisfied.

Assertion (i1): The case with k = 0 is trivial - just compare the explicit solutions to the
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BSDE and the PDE for k = 0. Fix k € {1,...,n}. Assume that Y*~1(¢) = h*~1(¢, P(t)),
which is the case for k = 0. Since we have a sequence of smooth functions (h*)7_,, we
can apply Itd’s formula to derive the dynamics of h¥(t, P(t)) on [0,T — €] and compare
the resulting dynamics with the dynamics of Y* given by (5.3) (this step is standard,
see e.g. Proposition 4.3 in El Karoui et al. (1997)). We can deduce candidate solutions
for (Y*, ZF Z5) on [0,T]. Next, we have to prove that the candidate solutions (5.6)
are in the appropriate class of processes. The candidate solution for Y* is bounded by
point (7). We prove the BMO property for the candidate solutions for (ZF, Z¥). Let us
choose a localizing sequence of stopping times (7,,)°_, for the process P and a stopping
time 7 € [0,T]. Applying Itd’s formula to k¥, changing the measure to Q ~ P with the
exponential martingale 5( -/, ﬁdW(s)) and using the PDE (5.5), we can derive

hk((T — AT AT, P((T —€) ATy AT)) = hk(T, P(7))

(T—e)ATm AT M2 1 2
+/ (2027 — ka(P(s)) — iv(h’;(s, P(s))bP(s)y/1 — p2)
V(B(P(s)+h*=1(s,P(s)~h*(s,P(s))) _ |
- k/\> ds
5

(T—e)ATm AT
+/ h];(s, P(5))bP(5)pdW2(s)

(T—e)ATm AT
+/ h¥(s, P(s s)\/1 — p2dBY(s (8.9)

If |p| = 1, we take the square on both sides of (8.9) and the expected value. If |p| < 1,
we just take the expected value. In both cases, by boundedness of (h*)?_,, «, 3, we can

establish the inequality
(T_€)/\Tm/\7' )
E9| / (hh(s, P(s)) P(s)) "ds| FIVP] < K.

Taking m — oo, € — 0, by monotone convergence theorem we deduce that ( fo hi(s, P(s))P(s)dW?2(s),0
t <T)isa BMO(Q,F"B)-martingale, and also a BMO(P, F"-#)-martingale (see The-
orem 3.6 in Kazamaki (1997)). By uniqueness of solution to the BSDE (5.3), we have
characterized (Y*, Z%, Z§) with h*. O

Proof of Theorem 5.1: Step 1: Let us assume there exists a unique solution (Y, Z1, Z3, Q) €
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R2(F) x H2(F) x H2(F) x H2(F) to the BSDE

V() = IOPT) - [ (55 = H)a(P(s) + £ 21(s) = 57(Za(o))
eY(B(P(s)+Q(s)) _ 1

. . J(s—))\) ds

—/t Zl(s)dW(s)—/t Zg(s)dB(s)—/t Q(s)dN(s), 0<t<T, (8.10)

such that (Y,Q) are bounded and ( [j Zi(s)dW(s),0 < t < T),( [ Zs(s)dB(s),0 <
t < T) are BMO(F)-martingales. Using standard techniques from optimal control, see
e.g. Hu et al. (2005) or Chapter 11 in Delong (2013), we can prove that the strategy

Zy(t
w*(t)za%ﬁ ;U, 0<t<T, (8.11)

is the optimal admissible investment strategy for the optimization problem (3.2) and
VE(t,z,p) = VET(t, 2,p) = —e @Y )] P(t)=p,J(t)=k is the value function corresponding

to the strategy m*. Moreover,

e TXT (=Y () _ ,—(2=Y(0))

-5( - /Ot gdW(s) + /Ot 'ngdB(s)>

. 5( /Ot (MBEEHRE) _1Y(dN(s) — (n — N(s—))Ads)), (8.12)

where £(M) denotes the stochastic exponential of the martingale M. Since fot Zs(s)dB(s)
is a BM O-martingale, 8 and @) are bounded and the process N only jumps finitely many

times upward, we can conclude that the product of the stochastic exponentials of mar-

tingales in (8.12) is a true martingale, see Lemma 1 in Morlais (2010) and Theorem 2.3

in Kazamaki (1997).

Step 2: We prove that there exists a solution to the BSDE (8.10), which we assume

in Step 1. The BSDE (8.10) is a quadratic-exponential BSDE with jumps. Jeanblanc

et al. (2015), Kharroubi et al. (2013) and Jiao et al. (2013) showed how to transform

a quadratic-exponential BSDE with a finite number of jumps into a system of BSDEs

without jumps. We apply their methods. Let 7, = 0, 7, = inf{t > 71 : J(t) <
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J(mes1)} ATk = n—1,...,0. For k € {0,...,n}, let us write the BSDE (8.10) on
T <t < 7,1, where we assume that 7y =T. We get the equation:
2

V() = Y- [ (g — kalP(s) + £2H6) - 11(2 )

BP9 +Q () _

_ - 1m) ds — /t Uz )W (s)

_ /t " (s)dB(s) — /t T OMSAN(s), m<t<m.  (313)

The F.

., ~-mmeasurable random variable Y (7;_1) has the decomposition:

Y (Th1) = kn(P(T)1{mpo1 = T} + V(1) 1{mey < T}, k=1,...n, (8.14)

FW’B

where Y is an -adapted process. In order to match the terminal condition of the

BSDE (8.13), given by (8.14), at the jump time 7,_; < T', we set
Qr(t) = Y (1) — Y(t), m<t<m, k=1.,n.

Consequently, the problem of solving the BSDE (8.10) can be replaced with the problem
of solving the system of BSDEs (5.3). The existence of solutions to the system of BSDEs
(5.3) is established in Proposition 5.1. Gluing the solutions to the BSDEs (5.3), we can
derive the solution to the BSDE (8.10). For details of the construction, we refer to
Proposition 4.4, Lemma 4.11, Theorems 4.12 and 4.17 in Jeanblanc et al. (2015). We

set

Y(t) = zn:Y’“(t)l{J(t) =k}, 0<t<T,
k=0

Zi(t) = iZf(t)l{J(t—)zk:}, 0<t<T,
k=0

Zy(t) = izg(t)l{J(t—):k}, 0<t<T,

n

Q) = > (YF') - Yr*W)1{J(t-) =k}, 0<t<T (8.15)

k=0

The optimal strategy (5.7) follows from (8.11) and (8.15).
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Step 3: We investigate properties of the solution (8.15). By uniqueness of solutions
to the BSDEs (5.3) and the arguments from Step 2, there exists a unique solution
(Y, Z1,Z5,Q) € R*(F) x H*(F) x H*(F) x H*(F) to the BSDE (8.10) given by (8.15).
We notice that

swp / ) 12(t) dt] Fr |

F—stopping times T T
n

T
< (n+1) g sup E[/ ]Zf(t)|2dt‘.7:7—] < 00, i=1,2,
T

=0 F—stopping times T

by the BMO(F) property of [, ZFdW (s), [, Z5dB(s) which solve (8.13) (see point (i) in
Proposition 5.1). Consequently, the processes (fo Zy(s)dW (s),0 <t < T), (fo Zy(s)dB(s),0 <
t <T) are BMO(F) martingales. By point (ii) of Proposition 5.1 and (8.15), the pro-
cesses (Y, Q) are bounded. O

Proof of Proposition 5.3: Step 1: We will apply the a priori estimates from Ankirch-
ner et al. (2007) which we adapt to our setting. We will often use the properties of
the solutions to the BSDEs (5.3) which we specify in points (7)- (i) in Proposition 5.1
(without recalling them). We will also use the energy inequality (see page 29 in Kaza-
maki (1997)), which says that for a BMO(G)-martingale X'(t fo ) and

G-stopping time, we have the inequality

E[(/TT|Z(5)]2ds> ygf} < Kl|2| %0, K=1,2,... (8.16)

We fix ¢ > 1. We can deduce that (Y57, ZP7, Z57)r_ e RYFWE) x HIUFWB) x
HI(FW-P). We choose (¢,¢) € [—ep, €0] and 0 < €5 < 7.

Step 2: We claim that the mapping v — (Y%7, Zf 7, Z§ ") is continuous as a mapping
(0,00) = RI(FEW-E) x HI(FW-B) x HI(FW-B). The explicit solution (Y7, 207, Z37) can

be directly investigated and the assertion holds for £ = 0. We fix k € {1,...,n} and we

assume that the assertion holds for k£ — 1. We prove that the assertion holds for k. Let
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us introduce the function

2

B Y (D). Zi(8) = P — ka(PO) + B2t
PAYOA0) = 5l — kalP) + 20
A BPE+YF17(0)-Y(0) _ 1
_ I,
-

We remark that parameter + in ¢*7 also affects the process Y*~17. The assumptions
of Theorem 5.1 and Lemma 5.2 from Ankirchner et al. (2007) are satisfied. However,
the quadratic term in our equation (5.3) is of the form ~(Z5)? and both terms ~ and

Z57(t) are perturbated when we add € to . If we write

(v+e) (237 ) — (257 (1)

= (v + (270 + 27 (0)) (27 () = 2,7 (1) + (237 (1),

then we can observe that we have one additional term compared to Ankirchner et al.
(2007). Adapting the proofs of Theorem 5.1 and Lemma 5.2 from Ankirchner et al.

(2007) to our setting, we can derive the estimate

E[ sup |YR(t) — YRt

0<t<T

+< /0 ' |27 (t) — Zf”“(t){?dwr /0 : |25 (t) — Z§’7+E(t)|2 dtﬂ
< K (s /OT [9976 YR, 207 (0) =7 Y0, 27(0)

(28 o)) "]
(8.17)

where the constant K depends on ¢, T, the Lipschitz constant of (y, z1) — ¥ (t,y, 1)
and ||(v + €)(Z57" + Z37)||pmo- The constant r is also related to ||(y + ¢) (Z;W*E +
Z;”)H pymo by Theorem 5.1 from Ankirchner et al. (2007) and Theorem 3.1 from
Kazamaki (1997). Since ||Z”||smo can be bounded by a constant independent of
v € [y — €,7 + €], we can choose universal constants r > 1 and K in (8.17) for
all € € [—¢g, €g]. Since we assume that Y*~ 17+ — YA=17 in RYFEW-P) as € — 0, then

lime_o QYT YR (E), ZE7(8)) = P (8, YR (1), ZE7 (1)), a.s. for a.a. t € [0, T]. Taking
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¢ — 0 and using the dominated convergence theorem, we can prove that the right hand
side of (8.17) converges to zero. The convergence in R*I(FW-5) x H21(FW-5) x H?1(FV-B)
implies the convergence in RY(FW-B) x HY(FW-B) x HI(FW-P). Consequently, the asser-
tion of Step 2 is proved.

Step 3: Let k = 0. We can easily see that (Y%7, Z]"7, ZO’V) given by (8.1), is differen-
tiable with respect to v and the derivatives Y%7(t) = 202 (T —1),Z2)7(t) = 297(t) =0
satisfy the BSDE (5.8). The properties of (Y%7, 27, ZJ7) are obvious. Hence, the
result of this proposition holds for £k = 0. Fix k € {1,...,n} and assume that the result

holds for £k — 1. We prove that the result holds for k. For € # 0, we introduce

Yhvte(t) — YRt ZErrey — ZF ¢
U (1) = (t) ()’ Phe(p) = 21 ()6 1 ()7

€
k,y+e _ r7ky
v =2 W80 o
€

and we investigate the BSDE

uke(t) = - / (A5(s) + 92 (5,U5 (), V() + HE“(5) VB (1) ) ds
—/va’e(t)dW(t)—/TV§’€(t)dB(t), 0<t<T, (8.18)

where
2

ke _ 1 k,y+e 2 1 a
AR() = =5 (277 (1) +/0 (‘ 202((0(y +€) + (1 — 0)7)?

OO+I+A=ONEPO)FYETETTWOYETTWD) (3(P(1)) + YF-1He(t) — YR+e(1)) =
- 0y +€) + (1—0)y

0O+ +(1=0)7)(B(P)+YF—1oHe(t) =Y E+e(t)) _

Oy +e)+(1—0)7)
</ V(B(P(£))+0Y =1 +e(t)+(1— G)Y’“_lv“/(t)—Yk”Y‘*‘e(t))k)\de)uk—l,e(t>
Uu(t),

1kA>d9

(L, U(t)
( / I PEM+YE ”<>—9W‘”*E<t>—<1—9>Y’“”<t>>k:Ade)u(t) + By,
0 g
HE (1) = (Zk () + Z30(1)). (8.19)

By the assumption made for Step 3, the sequence (U*~1¢, Vi~ Vi) for e € [—eq, €]\
{0}, converges in RY(FWB) x H4(FW-B) x HI(FWB) as € — 0. We also have (*=10, pF~10 P10y —
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(Vh=Lo, ZF17 ) ZE17) where (R0, VETY0 YETL0) g interpreted as the limit of the
sequence (UF1¢ VIR V) as € — 0.

Step 3.1: Let us assume that |[U* 5|z, |V | IBMo, [V~ |lBro are uniformly
bounded in € € [—€p, €). Our assumption clearly holds for £ = 0. We prove that
U5 1o, | [VEN Bas0s || Vsl | Baro are finite for any e € [—eg, €] \ {0} and the upper
bound does not depend on €. The assumptions of Theorem 4.1 and Lemma 4.2 from
Ankirchner et al. (2007) are satisfied. Let 7 € [0,7] denote an F"-B-stopping time.

Using the conditional version of the a priori estimate from Lemma 4.2 from Ankirchner

et al. (2007), see (20)-(22), we can derive the estimate
e 5 [( (o) s + / (s 7]
< k{B[( [ 1)
F(B[( [ 14 otas) 7] )
(e[ e 7)) 520

where the constant K depends on ¢, T and the Lipschitz constant of (u, v1) — @"(¢, u, v;).
We remark that we simply use @ = P in Lemma 4.2 from Ankirchner et al. (2007).
Moreover, by the energy inequality (8.16) we can deduce

e( / : [HE(s)Pds) | 2]

kv 112[29]42 k,y+ep2(2q]+2
< K(1+1125711505° + 1257 |His?) < K.

E|( / ' A4 (s)ds ) |7

< K(1+11257 5087 + U ) < K, (8:21)

where the final constant K can be chosen uniformly for all € € [—ep, €]. Hence, the
upper bound in (8.20) is independent of 7 and e. The assertion of Step 3.1 is proved.
The case for € = 0 will be resolved in Step 3.3.

Step 8.2: We prove that (UF<, ZF€ Z5¢) converges in RYU(EFWB) x HI(FW-B) x H1(FW-B)
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as € — 0. Theorem 4.1 from Ankirchner et al. (2007) gives us the key estimate:

E[ sup [UR(t) —us (1)

0<t<T

+< /O ' (VE<(t) — vpe ()Pt + /0 ' [VEe(t) — v;“/(t)fdt)q}
< x{(e[(/ U 0,V (1) U 0,00 )|

| i

+ ( /0 ' | AR(t) — AR (t)\dt) 2qr

2

(E[( [ 1ona) )
.(IE [( /0 ' \HR<(1) — H* (t)]th> 2‘"2} ) } (8.22)

where the constant K depends on ¢, T, the Lipschitz constant of (u,v;) — @*<(t, u, v;)

2

and [|Z57% + Z87|gao. The constant r is also related to |[Z577 + Z¥7|| gm0 by
Theorem 4.1 from Ankirchner et al. (2007) and Theorem 3.1 from Kazamaki (1997).
Asin Step 2, we can choose universal constants r > 1 and K in (8.22) for all € € [—¢, €].
We prove the convergence for each term on the right hand side of (8.22). Using the
bound (8.21), the estimate (8.17) and the result from Step 2, we conclude that the last

term in (8.22) converges to zero as (€,¢') — 0. Next, we derive
|0, U (1), VI (1) — ™ (8,UM (6), VP (1)
1
< K( / OO+ )

0
OV R @ (1-0)Y R (1) }cw) 147 || oo (8.23)
By (8.20)-(8.21) and Step 3.1, the norm |[U*¢||g~ can be bounded by a constant
independent of €. Since v + Y*7 is continuous in RY(FW-Z) by Step 2, we deduce that
the right hand side of (8.23) converges to zero a.s. for a.a. t € [0,T], as (¢,€') — 0.

Consequently, by the dominated convergence theorem, the first term after the inequality

in (8.22) converges to zero as (e,€') — 0. We are left with one more term in (8.22). We
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have the estimate
T 2gr?
E AR<(t) — AR (1) |dt
([ 1450 - 2 ojar) ™
T '8
< KE[(/ Hzgﬁ-ﬁ-e(t)‘Q . ’Z§,7+e’(t)‘2‘dt>2q
0
T 2
+< / |GY7e() — GYY E’(t)|dt)2q
0

+ ( / ' |GETTE(OUP (1) — GETHE (U (8) \dt) W} , (8.24)

0

2

where G777, GE7¢ can be deduced from the definition of A%<, We can see that

T , 2(17.2
B[( [ Iz o - 1257 op|ar) "]
0

< (E( [ iz Arora)])’

0
1

<E[< /OT |Z§’7+€(t) _ Z§,7+E/ (t)|2dt> qu? ) 2
< K<E[( /0 ' |ZEre () — Z§’”+E'(t)|2dt>2qr2])é, (8.25)

where K depends on HZ;’C 7%¢||samo (by the energy inequality (8.16)) and is univer-
sal for all € € [—eq, ¢y]. By the result of Step 2, we know that v — Z§ "7 is continuous
in HY(FW'B), for any ¢ > 1. Consequently, the first term on the right hand side of (8.24)
converges to zero as (¢, ¢’) — 0. We observe that the norms ||G¥71| | geo, [|GETF | oo, |47 1€ | g0
are bounded in € € [—¢, €g] (in particular by the assumption made for Step 3.1). More-
over, lim_,o GY7T(t) = G¥7(t), a.s. for a.a. t € [0,T], and the same limits hold for
G’;’"’”Le and U*~1¢ (by the result of Step 2 and the assumption made for Step § which
guarantee a.s. convergence of Y*=1+e(t) YRITe() YF=1<(t) for a.a. t € [0,T] as € —
0). By the dominated convergence theorem, the remaining two term on the right hand
side of (8.24) converge to zero as (¢,¢') — 0. Collecting our results and the estimate
(8.22), we can conclude that (U*<, VI V) for € € [—eq, €9]\ {0} is a Cauchy sequence
which converges to a unique triple (L%, V0, Vi) in RIU(FEWE) x HI(FW-E) x HI(FW-B)

as € — 0.
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Step 8.3: We start with the BSDE (8.18) and its solution (U*€, VI, V). As above, we
can prove the convergence for each term in the BSDE (8.18) - for the process U"*<, the
generator and the stochastic integrals. We can conclude that the limit (%0, Vf 9 Vf )
satisfies the BSDE (5.8). Hence, the assertion of Step & is proved.

We now investigate the BSDE (5.8) and its solution (Y%7, 217, Z57) We can derive
similar bounds (8.20)-(8.21) for (Y%7, ZF7 Y57). We can deduce that Y%7 is bounded
and (f; Z17(s)dW (s),0 < t < T),( [, 257 (s)dB(s),0 < t < T) are BMO(F""F)-
martingales. From (8.20)-(8.21) for (Y7, 287 257) we can also deduce that the
norms |||z, [|Z57||Bro, 1257 || srmo are bounded uniformly in k € {0, ...,n} and
7 € (Y0 — €70 +¢€) for € < 7.

Let us now investigate the BSDE (5.8) with the forward equation (2.3) with the initial
condition P(t) = p. The solution to (5.8) is now denoted by (Y**?, ZFHP Z00P)  Let

2
AsI(s) = (25 (9 - 5

2 20242
eV (B(PPP(8))+Y 1P (5) =Y RP(s)) (7 <5( PUP(s)) + Yk-Ltr(g) — Y’f’tﬁp(s)> — 1) +1
_ 5 kA
f)/

(B ) YR () kg

PP (s, V(s), Z(s)) = e”(5(’”’(8))”“1’t‘p(5)—yk‘t”’(5))k)\y(S) +Ez(s),
g

M9 (s) = —yZE00(s). (8.26)

Similarly to (8.22), we state the estimate

]E’|: sup ‘yk,t,p(s) . yk,t,p’<8) |2(I]

s€[0,7T
T / ’ , , , 2qr
< K{(EK/ [P (5, VPP (), 277 (5)) — @0 (5, VIOV (), 2010 (8))|d8> '
0
r : 20177\
+( / |ARtP () — Aktr (s)|ds> D
0

([ o))

(E(( /OT [HM2(s) = HE (5)] s ) "

2

2

)1, (8.27)
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Using the assertion (%), the arguments from Step 3.2 with (8.23)-(8.25) and the argu-
ments leading to (5.4), (8.4), (8.6), we can deduce the estimate

E[ sup ‘yk,t,p(s) o yk,t,p’(s> ‘2‘]i|

s€[0,T7

< &{ (1o~ /P + B[ sup ptos) - 3 ()] )

s€[0,7

+Ip —p’l2q}7 (8.28)

where the constant K is independent of (k,¢,p,p’). The result (5.9) can be derived if
we iterate (8.28) starting with the explicit solution )P,

Step 4: We finally prove that the BSDE (5.8) has a unique solution. Fix k € {0,...,n}.
By Step 8.3 there exists at least one solution to the BSDE (5.8). Let us assume that
there exist two solutions (Y7, 217, 257) € RIFEWE) x HI(FWE) x HI(FW-F) and
(Y, 287 ZE7) e RYFEWB) x HI(FW-B) x H4(FWB). Changing the measure, we get
the BSDE

T
VEt) — PR = — / APV EI )y (Ph(5) — T (5))ds
t

—[(ﬁ%@—éﬁ@mww@
‘/Qﬁ%@—ZW@me$,OStSﬂ (8.29)

where Q denotes an equivalent probability measure Q ~ PP. By Theorem 5.1 from El
Karoui et al. (1997) the BSDE (8.29) has a unique solution in RY4(F"W-B) x HI(FW-B) x
HI(FWB) under Q, for any ¢ > 1. This solution is (0,0,0). Since the martingale
E(f, 2dw(s) — [, ~Z57(s)dB2(s)), which is used to change the measure from Q to
P, is r-integrable under QQ for some r > 1, see e.g. Theorems 3.1 and 3.6 in Kazamaki
(1997), we deduce that the BSDE (5.8) has a unique solution in R?(R) x H4(R) x H?(R)
under P. O

Proof of Proposition 5.4: The assertions (7)-(ii) hold for k¥ = 0 - just compare
the explicit solutions to the BSDE and the PDE for £ = 0. Uniqueness of solution
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to the PDE (5.10) for & = 0 follows from Proposition 2.3 in Becherer (2005). Fix
k € {1,...,n} and assume that the assertions (i)-(ii) hold for kK — 1. In particular,
g1 € C([0,T] x (0,00)) NCH2([0,T) x (0,00)) and Y*~1(t) = gk~1(t, P(t)). We prove
that the assertions (i)- (1) hold for k.

Step 1: By (5.9), the mapping p YELP(t) is continuous on (0,00) for any fixed
t € [0, T]. We prove that the mapping (¢, p) — Y*P(t) is continuous on [0, T] x (0, 00).
We introduce the parametrized dynamics:

pte
ptpES) = adt +b(pdW(t) + /1 — p2dB(t)), t<s<T,
S

PY(t) = p.

~—

We can observe that (¢,p) — P"P(s) is continuous on [0,7] x (0, 00), for any s € [t,T].
Let ¢ <t. Recalling (8.5), (8.27) and Theorems 4.1, 5.1 from Ankirchner et al. (2007),

we can deduce the following estimates:

[PREP() = PR WP = |VE(0) = YR (0)
S E |:3Upse[0,T] D}k,t,p(s) . yk’t/’p/(s) ‘2q:|

T
< K (R[]t 255 61, 5 () — b (5,955 ), 2 () s
t
t kit o kt! o kit o 212
+/ |(10 2D (S’y 2D (S),Zl’ P (8))|d8)
t/
T t .
+</ ‘Ak,t,P(s) — Ak,t/,p’(s)’d8+/ |Ak7t/’p/(8)|d3>2q :|>T2
t y
T 29\ Ly
+(E (/t \Ak’t’p(s)|ds>2q })m
T o t . 2
<]E[</ |Hk’7t7p(3) — Hkﬂf P (3)|2d3 +/ |Hk,t D (S)|2d5>
t v

2

D*)
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and

EK/OT 257 (s) - Zg’t/’p/(8)|2d5)q]

< K(E[[kn(P(D) — (P (T[]
T
—HE[(/ |¢k’t’p(57yk7tl’p/(8), Z{g,t/’p/(S» B wk,t/’p/@’}/k,t',p/(s)’ Z{g,t/’p/<s>>‘d5
t
t 1\ 2
+/ R (8, YR (s), Zf7tl’p/(8))’ds> N D o
t/

Using similar arguments as in the proof of Proposition 5.3 (Steps 3.2-3.3) and the
results of Proposition 5.2 (in particular the properties that Y*(t) = h*(¢, P(t)) and
hE € C([0,T] x (0,00))), we can show that lim )@ |YVEEP(E) — YEOP ()] = 0.
Consequently, the assertion is proved.

Step 2: We derive a representation for V% Let us change the measure to Q ~ P with
the exponential martingale £(— [, 2dW (s) + [, 7Z4"(s)dB(s)). The BSDE (5.8) and
the price process (2.3) take the form

dYP(s) = (T (s, P"(s))
(s, ()t (5, () (s, PU()) VA (s) ) ds
+ 27 (5)dW S (s) + 25 (s)dBY(s), t<s<T,
DICL — (0= 22 41— g2y Pro(s (s, PHo(s) ) ds

Ptr(s
(,odWQ )+ /1 —p2dB%s)), t<s<T, (8.30)

~—

where

2

o K 2\12. 21k 2
T(Sap) - _20_2,}/2 - 5(1 - p )b p (hp(S,p))
B 550 (o (B(p) + W (s, p) — B (s,p)) — 1) + 1

- kA
v

U(s,p) = Y BE)FRF " (s.p)=h*(sp)) |

The stochastic integrals in (8.30) are Q-martingales, see e.g. Theorem 3.6 in Kazamaki
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(1997). Taking the expected value in (8.30), we derive that

YEbe(t)
T R .
_ E@{_ / o= Jwp ’P<u>>ds<r(s,Ptvp(s))—‘P(s,Pt’p(s))g‘“‘l(s,Pt’p(s)))ds}7
t

(t,p) € [0,T] x (0,00), ke {0,....n}.

Step 3: Using (AT), Steps 1-2, Theorem 1 from Heath and Schweizer (2001), we can
conclude that Y*P(t) = ¢*(¢, p) where g* € C([0,T] x (0,00))NCH2([0,T —¢€) x (0, 00))
and ¢* satisfies the PDE (5.10) for (¢, p) € [0,T—¢) x (0, 00) with the terminal condition
YET=6P(T — ¢), for any € > 0. Moreover, the solution to such a PDE unique. Since
e > 0 is arbitrary, the result is proved.

Step 4: The formulas for Z; and Z; can be proved as in Proposition 5.2. m

Proof of Theorem 6.1: From the calculations in Section 6 we conclude that the first-
order expansion to the equilibrium strategy is given by (6.3) with (6.11) and (6.14). If
we use the relations between (h*)7_,, (¢")7_, and (Y*, ZF)n_,, (V*, ZF)_, established
in Propositions 5.2 and 5.4, we get the strategy (6.15). We now confirm that our
strategy (6.15) is admissible, i.e. it satisfies all points of Definition 3.1.

Point 1: The strategy 7* is F-predictable and is determined with a measurable mapping.
Point 2: By Propositions 5.1 and 5.3, the processes (fot ZE () dW (s),0 < t < T), (fot Z50(5)dW (s),0 ;
t < T) are BMO(F"-5) martingales, for each k € {0,...,n}. Since 7, is bounded, we
can deduce that ( gfr*(t)(s)dW(s), 0 <t <T)isa BMO(F) martingale.

Point 3: The dynamics of the insurer’s wealth process (3.1) under the strategy 7* is

given by the equation

dX*(t) = 7, X7 (t), P(t)) (udt + odW (1))
—J(t=)a(P(t))dt + B(P(t))dJ(t), 0<t<T. (8.31)

By Lipschitz continuity of 7, and the formula (5.11) for ZF, we have

|7 (t, 2, p) — 7 (8,2, p)| < Klgh(t, p)pl|lz — 2,
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for any (t,z,p), (t,2',p) € [0,T] x R x (0,00) and k € {0,...,n}. By Propositions 5.3-
5.4, the mapping p — ¢*(¢, p) is Lipschitz continuous on (0, o) uniformly in ¢ € [0, 7]
and g* € C([0,T] x (0,00)) NCY2([0,T) x (0,00)). Consequently, the derivative (¢, p) —
g;;(t,p) is uniformly bounded and continuous on [0,77) x (0,00). In the definition of
the investment strategy (6.15) we can choose gi(T,p) = limy,r— g} (t,p) and we have
a continuous, finite mapping ¢ — gF(t, P(t,w))P(t,w) on [0,T] for a.a w. We can
conclude that the SDE (8.31) is a SDE with a process Lipschitz coefficient, see Chapter
V in Protter (2005). Hence, by Theorem V.7 in Protter (2005), there exists a unique
solution to (8.31).

Point 4: We use the decomposition: 7*(t) = @5(t) + 7f(t)e. We choose r € R and set
v :=7(r). We fix t € [0,7]. We have to study the expected value:

E [e—rm (37 y—smmeec) ;t] ) [e—mﬂle) (37 )—ammeec) ;t]

— o~ otnaXF Y (R [e—w (x76 () -x7 ()~ (v (7)Y (1))

)

(T 7 @ st [T 7 (£)0aW () jne( [ T(s)a(P())ds— [ B(P(S))dJ(S)+J(T)77(P(T)))]

where Y solves the BSDE (8.10), and we introduce 7*(s) = 7175(s) + (Yo + 71€)775 (s).
We have the property:

17530 < InlliFsllBro + (o + Imlel|at]|sao < oo (8.32)
The process (Mi(s),t < s <T) given by

My(s) = e (XO-XB0-0()-y®)

Y

is an exponential martingale generated by a BMO-martingale, see (8.12). By Hélder

inequality and reverse Holder inequality (see Theorem 3.1 in Kazamaki (1997)), we can
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derive

E [e—r(m (x* @-smmean) ;t]

< e — (Y1) XT (1) +0Y (1) ( [|M1( )|(11|‘/T--t])i

<]E |:6—q1‘e<ftT s)uds+ [ 7 odW(s)) mle(ftT J(s)a(P(s))ds— [;" B(P(s))dJ (s )+J(T)n(P(T)))|]_-t]>

< Ke—00tmaX® (0)+y0Y (1)

1
. (]E |:€7 ftT qy emt™ (s)a’dW(s)fé ft |gFer™* (s)a’\zdse% ftT g er* (s)o’|2dsfftT g} em* (s)uds ‘-Ft:| ) ay ’
for some sufficiently small ¢g; > 1 and its conjugate gj. The process (Ms(s),t < s<T
Jjug 1
given by My(s) = e~ Ji aier™ (wodW(w)=3 [7 g (wol*du jg a]5o an exponential martingale
generated by a BM O-martingale. Applying again Holder inequality and reverse Holder

inequality, we get

B [e—rm (X (@) —J(@m(P(T)) | ft]

< Ke0otmoX™ (O)+50Y (1)

. <]E [e% IT a3 lat e (s)olds— [T qsq;ex* (s)uds |]:] > EC (8.33)

for some sufficiently small ¢go > 1 and its conjugate ¢5. Finally, for a sufficiently small

e > 0, we have the inequality

* ok

E [eé S aslater (s)oPds— [ ajaier (s)uds| th}
K

~ 1= Kel7 o

< KE [eKEZ A |2d5]]—“t] < o0, (8.34)

by (8.32) and John-Nirenberg inequality, see Theorem 2.2 in Kazamaki (1997). Col-

lecting (8.33) and (8.34), we can conclude that our strategy 7* satisfies point 4. O
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