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Abstract

We investigate an exponential utility maximization problem for an insurer who

faces a stream of non-hedgeable claims. The insurer’s risk aversion coefficient

changes in time and depends on the current insurer’s net asset value (the excess

of assets over liabilities). We use the notion of an equilibrium strategy and derive

the HJB equation for our time-inconsistent optimization problem. We assume

that the insurer’s risk aversion coefficient consists of a constant risk aversion and

a small amount of a wealth-dependent risk aversion. Using perturbation theory,

the equilibrium value function, which solves the HJB equation, is expanded on the

parameter controlling the degree of risk aversion depending on wealth. We find

the first-order approximations to the equilibrium value function and the equilib-

rium investment strategy. Some new results for exponential utility maximization

problem with constant risk aversion are derived in order to approximate the solu-

tion to our exponential utility maximization problem with wealth-dependent risk

aversion.

Keywords: Time-inconsistency, equilibrium strategy, first-order approximation,

BSDEs, PDEs, perturbation theory.
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1 Introduction

Optimal investment problems are extensively studied in financial mathematics and the

key example is exponential utility maximization problem. Among many papers in this

field, we can mention the works by Hu et al. (2005), Morlais (2009), Ankirchner et al.

(2010), Lim and Quenez (2011), Jiao et al. (2013), Jeanblanc et al. (2015). In these

papers the authors consider dynamic investment problems for an agent who valuates his

terminal wealth with exponential utility with absolute risk aversion coefficient which is

constant in time. However, when deciding on dynamic asset allocation, it seems more

reasonable to assume that the investor’s risk preferences are time-varying.

The motivation for considering time-varying and stochastic risk preferences is clear.

In a bull market investors are willing to take more risk, which should be modeled with

a lower risk aversion coefficient, whereas in a bear market investors are willing to take

less risk, which should be modeled with a higher risk aversion coefficient. Hence, the co-

efficient of risk aversion depending on the state of economy should be used in dynamic

portfolio selection problems. Pirvu and Zhang (2013) and Kwak et al. (2014) study

exponential utility indifference pricing and optimal investment strategies under expo-

nential utility with regime-switching risk aversion coefficient. Gordon and St-Amour

(2000) show that a state-dependent risk aversion can explain asset price movements

which cannot be explained by constant risk aversion. There is also a strong empirical

evidence that the degree of risk aversion depends on prior gains and losses, or on the

available wealth in general. Thaler and Johnson (1990) claim that after a gain on a

prior gamble people are more risk seeking than usual, while after a prior loss they be-

come more risk averse. The observation that the risk aversion goes down after a prior

gain is called the “house money” effect.

We investigate an exponential utility maximization problem for an insurer who

faces a stream of non-hedgeable claims. The policyholders are entitled to annuity, life

insurance and endowment benefits. The benefits are contingent on a non-tradeable

financial index correlated with a stock available for trading in the financial market.
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The deaths of the policyholders and the benefits’ occurrence times are modelled with

a counting process. We assume that the insurer’s risk aversion coefficient changes in

time and its value depends on the current insurer’s net asset value (the excess of assets

over liabilities). If the assets are above the liabilities, then the insurer is less risk averse

and is willing to implement more risky investment strategy. If the assets are below the

liabilities, the insurer is more risk averse and switches to more conservative investment

strategies. Hence, we take into account the ”house money” effect when the insurer solves

his asset allocation problem. To the best of our knowledge, there is only one paper (by

Dong and Sircar (2014)) which studies exponential utility maximization for investor

with wealth-dependent risk aversion. At the same time we can find papers in which

mean-variance optimization problems with wealth-dependent risk aversion coefficients

are considered, see e.g. Zeng and Li (2011), Björk et al. (2014) and Kronborg and

Steffensen (2015).

It is known that exponential utility maximization problems with time-varying risk

aversion coefficient are time-inconsistent and classical techniques of stochastic control

cannot be applied. We follow the game-theoretic approach from Ekeland and Lazrak

(2006), Ekeland and Pirvu (2008),Björk and Murgoci (2014) and Björk et al. (2017)

and we derive the HJB equation for our time-inconsistent optimization problem with

wealth-dependent risk aversion. The HJB equation characterizes the so-called equilib-

rium investment strategy and the equilibrium value function. In order to solve our

HJB equation, we use the expansion techniques from Fouque et al. (2011), Fouque et

al. (2014), Fouque and Hu (2017), Fouque et al. (2017), Dong and Sircar (2014). We

assume that the insurer’s risk aversion coefficient consists of a constant risk aversion

and a small amount of a wealth-dependent risk aversion. We apply perturbation theory

and expand the solution to the HJB equation on the parameter controlling the degree

of risk aversion depending on wealth. In the first step, we investigate an exponential

utility maximization problem for an insurer with constant risk aversion coefficient and

we derive some new results for exponential utility maximization problem with constant

risk aversion. In particular, we investigate derivative of the value function with respect
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to risk aversion coefficient. We show existence of solutions to systems of nonlinear

BSDEs and nonlinear PDEs which describe the value function for our exponential util-

ity maximization problem with constant risk aversion and the derivative of the value

function with respect to risk aversion. We show that the PDEs have smooth solutions.

Finally, we use these results to postulate the first-order approximation to the solution

to our HJB equation. We derive the first-order approximations to the equilibrium value

function and the equilibrium investment strategy. Our first-order approximation to the

equilibrium investment strategy is new and agrees with intuition.

Dong and Sircar (2014) investigate time-inconsistent optimization problems, includ-

ing an indifference pricing problem for a terminal claim under exponential utility with

wealth-dependent risk aversion coefficient. They also assume that a small amount of

wealth-dependent risk aversion is added to constant risk aversion and apply perturba-

tion theory to find the first-order approximation to the solution to their HJB equation.

Our model and results are much more general than the model and results from Dong

and Sircar (2014). We consider an insurance portfolio where the run-off is modelled

with a counting process and the insurer is exposed to a stream of non-hedgeable claims

of three different types. Since we consider an insurance portfolio with an arbitrary num-

ber of policies, we study a recursive system of HJB equations. The results presented

in Dong and Sircar (2014) are heuristic and in a summary form, whereas we present

formal proofs of our results. We use not only PDEs but also BSDEs to characterize

the first-order approximation to the solution. Finally, Dong and Sircar (2014) are only

interested in the exponential utility indifference price of a terminal claim and they do

not give the first-order equilibrium investment strategy for their problem.

The remainder of the paper is organized as follows. Sections 2 and 3 describe the

model and the optimization problem. In Section 4 we recall perturbation theory and

explain the idea behind the (asymptotic) first-order approximation to a solution to

a problem. In Section 5 we investigate an exponential utility maximization problem

with constant risk aversion coefficient whereas in the subsequent Section 6 we study an

exponential utility maximization problem with wealth-dependent risk aversion. Section
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7 contains some examples which illustrate our key result from Section 6. All proofs are

presented in Section 8.

2 The financial and insurance model

We deal with a probability space (Ω,F,P) with a filtration F = (Ft)0≤t≤T and a

finite time horizon T < ∞. On the probability space (Ω,F,P) we define a stan-

dard two-dimensional Brownian motion (W,B) = (W (t), B(t), 0 ≤ t ≤ T ) and a

càdlàg (right-continuous with left limits) counting process N = (N(t), 0 ≤ t ≤ T ).

The uncorrelated Brownian motions (W,B) are used to model the financial risk and

FW,Bt = σ(W (u), B(u), u ∈ [0, t]) contains information on the evolution of the fi-

nancial indices. The counting process N is used to model the insurance risk and

FNt = σ(N(u), u ∈ [0, t]) contains information on the number of in-force policies in

the insurance portfolio. We assume that

(A1) the subfiltrations FW,Bt and FNt are independent and we set Ft =
⋂
ε>0

(
FW,Bt+ε ∨

FNt+ε
)

for 0 ≤ t ≤ T ,

Under assumption (A1), the financial risk is independent of the insurance risk. As far as

the filtration F is concerned, we use the standard approach of progressive enlargement

of the Brownian filtration. The filtration F is right-continuous and completed with sets

of measure zero.

The financial market consists of a risk-free deposit D = (D(t), 0 ≤ t ≤ T ) and two

risky indices: S = (S(t), 0 ≤ t ≤ T ) and P = (P (t), 0 ≤ t ≤ T ). The value of the

risk-free deposit is constant:

D(t) = 1, 0 ≤ t ≤ T, (2.1)

i.e. we assume that the interest rate is zero or we consider discounted quantities in

our problem. The prices of the risky indices are modelled with correlated Brownian
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motions. We assume that the prices of S and P satisfy the dynamics

dS(t)

S(t)
= µdt+ σdW (t), 0 ≤ t ≤ T,

S(0) = s0, (2.2)

dP (t)

P (t)
= adt+ b

(
ρdW (t) +

√
1− ρ2dB(t)

)
, 0 ≤ t ≤ T,

P (0) = p0, (2.3)

where µ, a, σ, b are positive constants which denote drifts and volatilities and ρ ∈ [−1, 1]

denotes the correlation coefficient between the log-returns of S and P . The insurance

company can invest in the deposit D and in the index S. The index P is not available

for trading. The index P is the underlying investment fund for the insurance contracts

sold by the insurance company. We use two indices in our model since in practice

equity-linked life insurance contracts may be contingent on non-tradeable indices.

The insurance company keeps a homogeneous portfolio of n unit-linked policies. The

counting process N is used to count the number of deaths in the insurance portfolio.

We assume that the lifetimes of the policyholders are independent and exponentially

distributed, i.e. we assume that

(A2)
(
N(t)−

∫ t
0
(n−N(s−))λds, 0 ≤ t ≤ T

)
is an F-martingale, where λ > 0.

Parameter λ denotes the mortality intensity for the policyholders. Since mortality in-

tensity depends on age, we should assume that λ depends on time t. Such a modification

of (A2) can be easily introduced. However, we keep (A2) to simplify the presentation

of our results. Let

J(t) = n−N(t), 0 ≤ t ≤ T,

count the number of policies in force in the insurance portfolios.

The insurer faces a stream of non-hedgeable claims which is modelled with the

process C = (C(t), 0 ≤ t ≤ T ). The process C is described with the equation

C(t) =

∫ t

0

(n−N(s−))α(P (s))ds+

∫ t

0

β(P (s))dN(s)

+(n−N(T ))η(P (T ))1t=T , 0 ≤ t ≤ T. (2.4)
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Each policyholder in the insurance portfolio is entitled to three types of benefits: an-

nuity α paid as long as the policyholder lives, life insurance benefit β paid if the policy-

holder dies and endowment benefit η paid if the policyholder survives till the terminal

time T . The benefits α, β and η are contingent on the value of the index P . We assume

that

(A3) the functions α, β, η : (0,∞) 7→ [0,∞) are bounded and Lipschitz continuous.

In order to fulfill the future obligations, the insurer must hold a reserve. The reserve

is set for the policies in force. We define the reserve:

F k(t, p) = EQ̃
[
C(T )− C(t)

∣∣P (t) = p, J(t) = k
]
,

(t, p, k) ∈ [0, T ]× (0,∞)× {0, 1, ..., n}, (2.5)

where Q̃ denotes a pricing measure for C. Here, by reserve we mean an amount of

money which the insurer sets aside to cover the future benefits. The insurer can choose

any pricing measure to calculate the reserve (2.5). We don’t make any assumptions on

the pricing measure Q̃ in (2.5). However, we assume that

(A4) F k(t, p) = kF 1(t, p), (t, p, k) ∈ [0, T ] × (0,∞) × {0, ..., n}, and the function F 1 :

[0, T ]× (0,∞) 7→ [0,∞) is C1,2([0, T ]× (0,∞)).

In the sequel, the reserve for one policy in force F 1 is simply denoted by F . If the

counting process N is independent of (S, P ) under the pricing measure Q̃ and the

prices of the pay-offs α, β, η are smooth functions of time and the underlying index P ,

then (A4) is satisfied.

3 The optimization problem and the HJB equation

Let π := (π(t), 0 ≤ t ≤ T ) denote a strategy which determines the amount of wealth

invested in the index S. The wealth process of the insurer, denoted by Xπ = (Xπ(t), 0 ≤
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t ≤ T ), satisfies the SDE

dXπ(t) = π(t)
(
µdt+ σdW (t)

)
−J(s−)α(P (s))ds+ β(P (s))dJ(s), 0 ≤ t ≤ T,

X(0) = x. (3.1)

where x > 0 denotes the initial wealth. We assume that the survival benefits η are

subtracted from Xπ(T ) at the terminal time T .

In this paper we study the optimization problem:

sup
π

E
[
− e−Γ

(
Xπ(t)−J(t)F (t,P (t))

)
·
(
Xπ(T )−J(T )η(P (T ))

)
|Ft
]
, 0 ≤ t ≤ T, (3.2)

where Γ denotes a time-varying risk aversion coefficient which value at time t depends

on the process

R(t) = Xπ(t)− J(t)F (t, P (t)), 0 ≤ t ≤ T.

The process R is interpreted as the insurer’s net asset value - the excess of the insurer’s

assets over his liabilities. By the liability we mean the value of the reserve (2.5). The

dynamics of the net asset value process R is given by the equation

dR(t) = π(t)
(
µdt+ σdW (t)

)
− J(t−)α(P (t))dt+ β(P (t))dJ(t)

−J(t−)Ft(t, P (t))dt− J(t−)Fp(t, P (t))P (t)
(
a+ b

(
ρdW (t) +

√
1− ρ2dB(t)

))
−J(t−)

1

2
Fpp(t, P (t))b2P 2(t)dt− F (t, P (t))dJ(t), 0 ≤ t ≤ T.

We assume that the risk aversion coefficient in (3.2) satisfies:

(A5) Γ : R 7→ (0,∞) is bounded, decreasing, Lipschitz continuous and C2(R).

The motivation for considering the wealth-dependent risk aversion in the optimiza-

tion problem (3.2) is the following. At different points in time, the insurer is likely to

have different exponential utilities which are characterized with different risk aversion

coefficients. We expect that the insurer’s risk aversion coefficient should change in time
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and the dynamics of the risk aversion coefficient should be modelled with an adapted

process related to some observable factors. It is very reasonable to assume that the

risk aversion coefficient and the willingness to take the financial risk depend the finan-

cial position of the investor. We assume that the value of the insurer’s risk aversion

coefficient at time t depends on the current insurer’s net asset value. If the assets are

above the liabilities, then the insurer is less risk averse and is willing to implement more

risky investment strategies. If the assets are below the liabilities, the insurer is more

risk averse and switches to more conservative investment strategies. Hence, the risk

aversion coefficient Γ should be a decreasing function of the net asset value.

Let us introduce the set of admissible investment strategies for (3.2).

Definition 3.1. A strategy π = (π(t), 0 ≤ t ≤ T ) is called admissible, π ∈ A, if it

satisfies the following conditions:

1. π : [0, T ]×Ω→ R is an F-predictable process determined with a measurable map-

ping Π : [0, T ]×R×(0,∞)×{0, ..., n} 7→ R such that π(t) = Π(t,Xπ(t−), P (t), J(t−)),

2. The process
( ∫ t

0
π(s)dW (s), 0 ≤ t ≤ T

)
is a BMO(F)-martingale,

3. The stochastic differential equation (3.1) has a unique solution Xπ on [0, T ],

4. E
[
e−Γ(r)

(
Xπ(T )−J(T )η(P (T ))

)
|Ft
]
<∞ for all t ∈ [0, T ] and all r ∈ R.

The above definition of admissible investment strategies is standard for exponential

utility maximization problems, see e.g. Hu et al. (2005), Jeanblanc et al. (2015), except

for point 4 where we require that the expected utility of the terminal wealth exists for all

risk aversion coefficients defined by Γ. However, this requirement is clear since we aim at

solving an exponential utility optimization problem with risk aversion coefficient which

changes in time. Let us remark that points 2, 4 and boundedness of η imply that the

family
{
e−Γ(r)Xπ(T ), T is an F− stopping time

}
is uniformly integrable for π ∈ A and

r ∈ R, which is often used in the definition of an admissible strategy instead of points 2

and 4, see Remark 8 in Hu et al. (2005). From financial point of view, points 2 and 4 of
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Definition 2.1 or the uniform integrability of
{
e−Γ(r)Xπ(T ), T is an F− stopping time

}
exclude arbitrage investment strategies from considerations, see Remark 2 in Hu et

al. (2005). The assumption of uniform integrability is slightly weaker than the other

common assumption that the wealth process should be bounded from below, which is

used to introduce so-called tame arbitrage-free strategies as admissible strategies, see

Definition 3 in Levental and Skorohod (1995). Tame strategies limit borrowing and

prevent doubling strategies.

The optimization problem (3.2) is an exponential utility maximization problem for

an investor with wealth-dependent risk aversion coefficient Γ. We can define the objec-

tive function for (3.2):

vk,π(t, x, p)

= E
[
− e−Γ

(
x−kF (t,p)

)(
Xπ(T )−J(T )η(P (T ))

)
|X(t) = x, P (t) = p, J(t) = k

]
,

(t, x, p, k) ∈ [0, T ]× R× (0,∞)× {0, 1, ..., n}, π ∈ A. (3.3)

The objective function (3.3) is well-defined for any π ∈ A by point 4 of Definition

2.1. However, the optimization problem (3.2) is time-inconsistent and the Bellman’s

principle of optimality cannot be used to find the optimal strategy and the optimal

value defined by supπ∈A v
k,π(t, x, p). We use the game-theoretic approach developed by

Ekeland and Lazrak (2006), Ekeland and Pirvu (2008),Björk et al. (2017) and Björk

and Murgoci (2014). In order to find the solution to (3.2), we consider a game played

by a continuum of players with different utilities where the player at time t has its

own risk aversion coefficient and only chooses the strategy at time t. We look for the

sub-game perfect Nash equilibrium in the game with the reward given by (3.3).

Definition 3.2. Let us consider an admissible strategy π∗ ∈ A. Fix an arbitrary point

(t, x, p, k) ∈ [0, T )×R×R× {0, 1, ..., n} and choose an admissible strategy π ∈ A. For

δ > 0 we define a new admissible strategy

πδ(s) =

 π(s), t ≤ s ≤ t+ δ,

π∗(s), t+ δ < s ≤ T.
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If

lim inf δ→0
vk,π

∗
(t, x, p)− vk,πδ(t, x, p)

δ
≥ 0,

for all (t, x, p, k) ∈ [0, T ) × R × R × {0, 1, ..., n} and π ∈ A, then π∗ is called an

equilibrium strategy and vk,π
∗

is called the equilibrium value function corresponding to

the equilibrium strategy π∗.

In order to characterize the equilibrium value function and the equilibrium strategy

with an HJB equation, we need to introduce the second function:

wk,π(t, x, p, r)

= E
[
− e−Γ(r)

(
Xπ(T )−J(T )η(P (T ))

)
|X(t) = x, P (t) = p, J(t) = k,R(t) = r],

(t, x, p, r, k) ∈ [0, T ]× R× (0,∞)× R× {0, 1, ..., n}, π ∈ A. (3.4)

The function wk gives the value of the objective (3.3) for the optimization problem with

the risk aversion depending on an auxiliary parameter r. The function wk describes

the time-consistent part of the time-inconsistent optimization problem. Under the

game-theoretic approach, the agent at time t forms a coalition for an infinitesimal time

period and solves a time-consistent exponential utility maximization problem with a

constant risk aversion coefficient over the infinitesimal time period, see Remark 2.3

in Björk and Murgoci (2014). The value function for this optimization problem at

time t is determined by wk(t, x, p, r) where r = x − kF (t, p). However, the evolution

of wk(t, x, p, r) cannot characterize the dynamics of the value function of the time-

inconsistent optimization problem with time-varying risk aversion since the variable r

is held fixed in the definition of wk. Hence, we need the function vk and its dynamics

to fully characterize the equilibrium strategy and the equilibrium value function of the

exponential utility maximization problem with time-varying risk aversion.

We finish with section by presenting the HJB equation and a verification theorem

for our time-inconsistent optimization problem (3.2). First, we introduce operators

associated with the continuous parts of (Xπ, P, R).
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Definition 3.3. Let Lπk and Mπ
k denote second order differential operators given by

Lπkφ(t, x, p) = φx(t, x, p)
(
πµ− kα(p)

)
+

1

2
φxx(t, x, p)π

2σ2

+φpx(t, x, p)πbpσρ+ φp(t, x, p)ap+
1

2
φpp(t, x, p)b

2p2,

Mπ
kφ(t, x, p, r) = Lπkφ(t, x, p, r)

+φr(t, x, p, r)
(
πµ− kα(p)− kFt(t, p)− kFp(t, p)ap−

1

2
kFpp(t, p)b

2p2
)

+
1

2
φrr(t, x, p, r)

(
π2σ2 + (kFp(t, p))

2b2p2 − 2πkFp(t, p)bpσρ
)

+φrp(t, x, p, r)
(
πbpσρ− kFp(t, p)b2p2

)
+φrx(t, x, p, r)

(
π2σ2 − πkFp(t, p)bpσρ

)
.

The operators Lπk and Mπ
k are defined, respectively, for φ ∈ C1,2,2([0, T ] × R × (0,∞))

and φ ∈ C1,2,2,2([0, T ]×R×(0,∞)×R). The operator Lπkφ(t, x, p, r) only acts on (t, x, p)

and r is kept as a constant.

Theorem 3.1. Let (A1)-(A5) hold. Assume there exist functions (vk)nk=0 ∈ C([0, T ]×

R × (0,∞)) ∩ C1,2,2([0, T ) × R × (0,∞)), (wk)nk=0 ∈ C([0, T ] × R × (0,∞) × R) ∩

C1,2,2,2([0, T ) × R × (0,∞) × R) and an admissible strategy π∗ = (πk,∗)nk=0 ∈ A which

solve the system of HJB equations:

vkt (t, x, p) + sup
π

{
Lπkvk(t, x, p)−Mπ

kw
k(t, x, p, x− kF (t, p))

+Lπkwk(t, x, p, x− kF (t, p))
}

+
(
vk−1(t, x− β(p), p)− vk(t, x, p)

)
kλ

+
(
wk−1(t, x− β(p), p, x− kF (t, p))

−wk−1(t, x− β(p), p, x− β(p)− (k − 1)F (t, p))
)
kλ = 0,

(t, x, p) ∈ [0, T )× R× (0,∞),

vk(T, x, p) = −e−Γ(x−kη(p))(x−kη(p)), (x, p) ∈ R× (0,∞),

πk,∗ = arg supπ

{
Lπkvk(t, x, p)−Mπ

kw
k(t, x, p, x− kF (t, p))

+Lπkwk(t, x, p, x− kF (t, p))
}
,

(t, x, p) ∈ [0, T ]× R× (0,∞), (3.5)
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and

wkt (t, x, p, r) + Lπk,∗k wk(t, x, p, r)

+
(
wk−1(t, x− β(p), p, r)− wk(t, x, p, r)

)
kλ = 0,

(t, x, p) ∈ [0, T )× R× (0,∞), r ∈ R,

wk(T, x, p, r) = −e−Γ(r)(x−kη(p)), (x, p) ∈ R× (0,∞), r ∈ R, (3.6)

for k ∈ {0, 1, ..., n}. In addition, assume that the families{
vk(T , Xπ(T ), P (T )), T is an FW,B − stopping time, T ∈ [0, T ]

}
,{

wk(T , Xπ(T ), P (T ), R(T )), T is an FW,B − stopping time, T ∈ [0, T ]
}
,{

wk(T , Xπ(T ), P (T ), r), T is an FW,B − stopping time, T ∈ [0, T ]
}
, r ∈ R,

are uniformly integrable for any π ∈ A and k ∈ {0, 1, ..., n}. The strategy π∗ = (πk,∗)nk=0

is an equilibrium strategy for the time-inconsistent optimization problem (3.2) with

wealth-dependent risk aversion coefficient and vk(t, x, p) = vk,π
∗
(t, x, p) is the value

function corresponding to the equilibrium strategy π∗.

4 Perturbation theory and first-order approxima-

tions

It is known that it is hard to solve HJB equations for time-inconsistent optimization

problems, see Ekeland and Lazrak (2006), Ekeland and Pirvu (2008), Björk et al. (2017),

Ekeland et al. (2012), Dong and Sircar (2014). In particular, we are not able to solve

our HJB equations (3.5)-(3.6) since standard separation methods cannot be applied and

we cannot split the variables in vk and wk. We use perturbation theory to approximate

the solutions to the HJB equations (3.5)-(3.6).

Perturbation theory deals with finding an approximate solution to a problem by

starting from the exact solution of a related, simpler problem. Perturbation theory

can be applied if our problem can be formulated by adding a small term to some
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parameter of the exactly solvable problem. The solution to the main problem is next

expanded in powers of this small parameter. The zeroth-order term in the expansion is

the exact solution to the simpler problem and the higher order terms in the expansion

describe deviations in the solution to the main problem from the solution of the simpler

problem. Since the perturbation technique is based on adding a small parameter, we

can truncate the series expansion of the solution to the main problem and keep the

first two terms of the expansion as the first-order approximate solution. In financial

applications, perturbation theory was developed by Fouque et al. (2011), Fouque et al.

(2014), Fouque and Hu (2017), Fouque et al. (2017).

It is clear that our exponential utility maximization problem with wealth-dependent

risk aversion can be related to a simpler exponential utility maximization problem

with constant risk aversion. In order to apply the perturbation theory to solve the

optimization problem (3.2), we consider a special structure of the wealth-dependent

risk aversion coefficient Γ. We choose

Γ(r) = γ0 + γ1(r)ε, r ∈ R. (4.1)

We now assume that the insurer’s risk aversion coefficient Γ consists of a constant risk

aversion γ0 > 0 and a small amount ε > 0 of wealth-dependent risk aversion γ1. We

impose the technical condition:

(A6) The function γ1 : R 7→ R is bounded, decreasing, Lipschitz continuous and C2(R).

Moreover, γ1(0) = 0.

The assumption that γ1(0) = 0 is a normalizing assumption for the risk aversion coef-

ficient. We note that if r > 0 then Γ(r) < γ0, if r > 0 then Γ(r) > γ0.

Since our risk aversion coefficient (4.1) consists of a constant risk aversion and

a small amount of wealth-dependent risk aversion, we expect that the solution to

the exponential utility maximization problem with the wealth-dependent risk aver-

sion Γ(r) = γ0 + γ1(r)ε should be expanded around the solution to the exponential

utility maximization problem with the constant risk aversion γ0. In particular, the
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zeroth-order approximation to the equilibrium value function and the equilibrium strat-

egy for the time-inconsistent exponential utility maximization problem (3.2) with the

wealth-dependent risk aversion (4.1) should coincide with the value function and the

optimal strategy for the time-consistent exponential utility maximization problem with

the constant risk aversion γ0. Hence, in the next section we start with investigating

the optimization problem (3.2) with Γ(r) = γ0 = γ. In Section 5 we study some prop-

erties of the zeroth-order solution which allows us in Section 6 to derive the first-order

correction resulting from adding a small amount of wealth-dependent risk aversion to

constant risk aversion.

The goal of this paper is to establish the first-order approximations to the equilib-

rium value function and the equilibrium strategy for the optimization problem (3.2) in

the case of risk aversion Γ(r) = γ0 +γ1(r)ε with small ε > 0. Formally, we are interested

in finding functions (vk0)nk=0, (v
k
1)nk=0, (π

∗,k
0 )nk=0, (π

∗,k
1 )nk=0 such that

vk(t, x, p) = vk0(t, x, p) + vk1(t, x, p)ε+O(ε2), ε→ 0, (4.2)

π∗,k(t, x, p) = π∗,k0 (t, x, p) + π∗,k1 (t, x, p)ε+O(ε2), ε→ 0, (4.3)

where (vk, π∗,k)nk=0 solve the system of the HJB equations (3.5)-(3.6) with the risk

aversion Γ(r) = γ0 + γ1(r)ε. The formulas (4.2)-(4.3) denote that

vk0(t, x, p) + vk1(t, x, p)ε and π∗,k0 (t, x, p) + π∗,k1 (t, x, p)ε, (4.4)

are the first-order approximations to vk(t, x, p) and π∗,k(t, x, p) for small ε. More pre-

cisely, the functions (4.4) which satisfy (4.2)-(4.3) are called the asymptotic first-order

approximations to vk(t, x, p) and π∗,k(t, x, p) as ε→ 0. The error of the approximation

in (4.2), or (4.3), is of a higher order than the approximating function and it is con-

trolled with a function of order O(ε2), see Definitions 1.1 and 2.1 in Holmes (2013). Let

us recall that

zε(x) ∼ O(εδ) as ε→ 0 if |zε(x)| ≤ Kεδ, 0 ≤ ε ≤ ε0,

for some ε0 > 0, where K is independent of ε but may depend on (x, ε0).

16



For details on perturbation theory we refer e.g. to Holmes (2013). In order to

clarify the idea behind finding the asymptotic first-order approximation to a solution

of an equation, we present a simple example from Chapter 1.5 in Holmes (2013). Let

use consider the equation

x2 + 2εx− 1 = 0. (4.5)

We postulate that the solution to (4.5) has the asymptotic expansion

x = x0 + x1ε+O(ε2), ε→ 0.

We substitute the expansion to (4.5) and collect the terms of order O(1),O(ε),O(ε2):

x2
0 − 1 + 2

(
x0 + x0x1

)
ε+O(ε2) = 0.

We choose x0 and x1 so that the terms of orders O(1),O(ε) are zero. We find

x0 = ±1, x1 = −1.

The solution x̃ = ±1 − ε is the first-order approximation to the true solution x =

±
√
ε2 + 1−ε of equation (4.5) with small ε, or the asymptotic first-order approximation

as ε→ 0, since (4.2) hold. In other words, the error of approximating x = ±
√
ε2 + 1− ε

with x̃ = ±1− ε is a function of order O(ε2) as ε→ 0. We can note that the first-order

approximation to the solution to (4.5) results from expanding the true solution around

the exact solution to (4.5) with ε = 0. We will use the same reasoning in Section

6 where we postulate the asymptotic first-order approximation to the solution to our

optimization problem (3.2) with the risk aversion coefficient (4.1). We remark that,

by construction of the approximate solution inspired by perturbation theory, we only

consider the wealth-dependent risk aversion coefficient Γ(r) = γ0 + γ1(r)ε with small

ε > 0.
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5 The optimization problem with constant risk aver-

sion coefficient

Since we expect that the zeroth-order approximation to the solutions to the HJB equa-

tions (3.5)-(3.6) are given with the solution to the exponential utility maximization

problem with constant risk aversion, we start with investigating the optimization prob-

lem (3.2) with Γ
(
x− kF (t, p)

)
= γ.

First, let us introduce some spaces and their norms. Let G be some filtration and

q ≥ 1. Let Rq(G) denote the space of G-adapted processes X such that ||X ||Rq =(
E
[

supt∈[0,T ] |X (t)|q
]) 1

q < ∞. By R∞(G) we denote the space of bounded G-adapted

processes equipped with the norm ||X ||R∞ = supt∈[0,T ] |X (t)|. Let Hq(G) denote the

space of G-predictable processes X such that ||X ||Hq =
(
E
[( ∫ T

0
|X (t)|2dt

)q/2]) 1
q <

∞. Finally, let BMOq(G) denote the space of uniformly integrable G-martingales X

such that ||X ||BMOq = supG−stopping time τ
(
E
[
|X (T ) − X (τ)|q|Fτ

]) 1
q < ∞. BMOq1-

norm is equivalent to BMOq2-norm, and we will use BMO2-norm, see Corollary 2.1

in Kazamaki (1997). For a martingale X (t) =
∫ t

0
Z(t)dW (t) we have ||X ||BMO2 =

supG−stopping time τ
(
E
[ ∫ T

τ
|Z(t)|2ds|Fτ

]) 1
2 . If Z ∈ H2(G), we will abuse the notation

and set ||Z||BMO2 = ||
∫ ·

0
Z(t)dW (t)||BMO2 = supG−stopping time τ

(
E
[ ∫ T

τ
|Z(t)|2ds|Fτ

]) 1
2 .

Moreover, the norm || · ||BMO2 will be simply denoted by || · ||BMO.

We define the objective function and the value function for the exponential utility

maximization problem with constant risk aversion:

V k,π(t, x, p) = E
[
− e−γ

(
Xπ(T )−J(T )η(P (T ))

)∣∣X(t) = x, P (t) = p, J(t) = k
]
,

(t, x, p, k) ∈ [0, T ]× R× (0,∞)× {0, 1, ..., n}, π ∈ A, (5.1)

V k(t, x, p) = sup
π∈A

V k,π(t, x, p),

(t, x, p, k) ∈ [0, T ]× R× (0,∞)× {0, 1, ..., n}. (5.2)

It is known that the solution to the optimization problem (5.2) can be characterized

with solutions to BSDEs or PDEs.
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Let us study the system of BSDEs:

Y k(t) = kη(P (T ))−
∫ T

t

( µ2

2σ2γ
− kα(P (s)) +

µ

σ
Zk

1 (s)− 1

2
γ(Zk

2 (s))2

−e
γ(β(P (s))+Y k−1(s)−Y k(s)) − 1

γ
kλ
)
ds

−
∫ T

t

Zk
1 (s)dW (s)−

∫ T

t

Zk
2 (s)dB(s), 0 ≤ t ≤ T, k ∈ {0, 1, ..., n}, (5.3)

Proposition 5.1. Let (A1)-(A3) hold.

(i) There exist unique solutions (Y k, Zk
1 , Z

k
2 )nk=0 ∈ R2(FW,B)×H2(FW,B)×H2(FW,B) to

the system of BSDEs (5.3) such that, for each k = {0, 1, ..., n}, the process Y k is bounded

and
( ∫ t

0
Zk

1 (s)dW (s), 0 ≤ t ≤ T
)
,
( ∫ t

0
Zk

2 (s)dB(s), 0 ≤ t ≤ T
)

are BMO(FW,B)-

martingales.

(ii) The norms ||Y k,γ||R∞ , ||Zk,γ
1 ||BMO, ||Zk,γ

2 ||BMO are bounded uniformly in k ∈

{0, ..., n} and γ ∈ (γ0 − ε, γ0 + ε) for ε < γ0.

(iii) Let (Y k,t,p)nk=0 denote the solutions to the BSDEs (5.3) with the forward equation

(2.3) with the initial condition P (t) = p. For each k = {0, 1, ..., n}, we have

E
[

sup
s∈[0,T ]

∣∣Y k,t,p(s)− Y k,t,p′(s)
∣∣2q] ≤ K|p− p′|2q, q > 1, (5.4)

for any (t, p), (t, p′) ∈ [0, T ]×(0,∞), where the constant K is independent of (k, t, p, p′).

Alternatively, we can consider the system of PDEs:

hkt (t, p) +
(
a− µbρ

σ

)
phkp(t, p) +

1

2
b2p2hkpp(t, p) + kα(p)− µ2

2σ2γ
− kλ

γ

+
eγβ(p)eγh

k−1(t,p)

γ
kλe−γh

k(t,p)

+
1

2
γ(1− ρ2)b2p2(hkp(t, p))

2 = 0, (t, p) ∈ [0, T )× (0,∞),

hk(T, p) = kη(p), p ∈ (0,∞), k ∈ {0, ..., n}. (5.5)

Proposition 5.2. Let (A1)-(A3) hold.

(i) There exist unique solutions (hk)nk=0 ∈ C([0, T ] × (0,∞)) ∩ C1,2([0, T ) × (0,∞)) to

the system of PDEs (5.5).
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(ii) We have

Y k(t) = hk(t, P (t)), Zk
1 (t) = hkp(t, P (t))bP (t)ρ,

Zk
2 (t) = hkp(t, P (t))bP (t)

√
1− ρ2, 0 ≤ t ≤ T, k ∈ {0, ..., n}, (5.6)

where (Y k, Zk
1 , Z

k
2 )nk=0 are defined in point (i) of Proposition 5.1.

The optimal solution to (5.2) is characterized in the following theorem.

Theorem 5.1. Let (A1)-(A3) hold. The strategy

π∗(t) =
n∑
k=0

πk,∗(t)1{J(t−) = k}, 0 ≤ t ≤ T,

πk,∗(t) =
µ

σ2γ
+
Zk

1 (t)

σ
, 0 ≤ t ≤ T, (5.7)

is the optimal admissible investment strategy for the optimization problem (5.1)-(5.2)

and V k(t, x, p) = V k,π∗(t, x, p) = −e−γxeγY k(t)|P (t)=p is the value function corresponding

to the strategy π∗. Alternatively, we can characterize the optimal strategy (5.7) with the

functions (hk)nk=0 from Proposition 5.2.

Expansions in perturbation theory are often justified by recalling Taylor’s theorem

and expanding the function in powers of small parameter ε. This implies that the

term of order O(ε) in the expansion is related to the first derivative of the function

with respect to the parameter which is perturbated by adding ε. The value function

from Theorem 5.1 depends on the risk aversion coefficient γ, in particular the solutions

(Y k)nk=0 and (hk)nk=0 depend on γ. Consequently, our next step is to investigate the

derivative of the process Y k, and the derivative of the function hk, with respect to

risk aversion coefficient γ. The following propositions are crucial for establishing the

first-order correction in the expansion of the equilibrium value function.
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Let us introduce the system of BSDEs:

Yk,γ(t) = −
∫ T

t

(
− µ2

2σ2γ2
− 1

2
(Zk,γ

2 (s))2

−
eγ(β(P (s))+Y k−1,γ(s)−Y k,γ(s))

(
γ
(
β(P (s)) + Y k−1,γ(s)− Y k,γ(s)

)
− 1
)

+ 1

γ2
kλ

−eγ
(
β(P (s))+Y k−1,γ(s)−Y k,γ(s)

)
kλYk−1,γ(s)

+eγ
(
β(P (s))+Y k−1,γ(s)−Y k,γ(s)

)
kλYk,γ(s) +

µ

σ
Zk,γ1 (s)− γZk,γ

2 (t)Zk,γ2 (t)
)
ds

−
∫ T

t

Zk,γ1 (t)dW (t)−
∫ T

t

Zk,γ2 (t)dB(t), 0 ≤ t ≤ T, k ∈ {0, ..., n}, (5.8)

Proposition 5.3. Let (A1)-(A3) hold. Consider the processes (Y k,γ, Zk,γ
1 , Zk,γ

2 )nk=0

which solve the BSDEs (5.3).

(i) The processes (Y k,γ, Zk,γ
1 , Zk,γ

2 )nk=0 are differentiable with respect to the risk aver-

sion coefficient γ in R2(FW,B) × H2(FW,B) × H2(FW,B) and the derivatives Yk,γ(t) =

d
dγ
Y k,γ(t), Zk,γ1 (t) = d

dγ
Zk,γ

1 (t), Zk,γ2 (t) = d
dγ
Zk,γ

2 (t)solve the system of the BSDEs (5.8).

(ii) For each k = {0, 1, ..., n}, the process Yk,γ is FW,B-adapted, (Zk,γ1 ,Zk,γ2 ) are FW,B-

predictable, Yk,γ is bounded and
( ∫ t

0
Zk,γ1 (s)dW (s), 0 ≤ t ≤ T

)
,
( ∫ t

0
Zk,γ2 (s)dB(s), 0 ≤

t ≤ T
)

are BMO(FW,B)-martingales.

(iii) The norms ||Yk,γ||R∞ , ||Zk,γ1 ||BMO, ||Zk,γ2 ||BMO are bounded uniformly in k ∈

{0, ..., n} and γ ∈ (γ0 − ε, γ0 + ε) for ε < γ0.

(iv) For each k = {0, 1, ..., n}, the solution to the BSDE (5.8) is unique in R2(FW,B)×

H2(FW,B)×H2(FW,B).

(v) Let (Yk,t,p)nk=0 denote the solutions to the BSDEs (5.8) with the forward equation

(2.3) with the initial condition P (t) = p. For each k = {0, 1, ..., n}, we have

E
[

sup
s∈[0,T ]

∣∣Yk,t,p(s)− Yk,t,p′(s)∣∣2q] ≤ K|p− p′|2q, q > 1, (5.9)

for any (t, p), (t, p′) ∈ [0, T ]×(0,∞), where the constant K is independent of (k, t, p, p′).

The last result of this section establishes the relation between the solutions to the
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BSDEs (5.8) and solutions to PDEs. We investigate the system of PDEs:

gkt (t, p) +
(
a− µbρ

σ
+ γ(1− ρ2)b2phkp(t, p)

)
pgkp(t, p) +

1

2
b2p2gkpp(t, p)

−eγ
(
β(p)+hk−1(t,p)−hk(t,p)

)
kλgk(t, p)

+
µ2

2σ2γ2
+

1

2
(1− ρ2)b2p2

(
hkp(t, p)

)2

+
eγ
(
β(p)+hk−1(t,p)−hk(t,p)

)(
γ
(
β(p) + hk−1(t, p)− hk(t, p)

)
− 1
)

+ 1

γ2
kλ

+eγ
(
β(p)+hk−1(t,p)−hk(t,p)

)
kλgk−1(t, p) = 0, (t, p) ∈ [0, T )× (0,∞),

gk(T, p) = 0, p ∈ (0,∞), k ∈ {0, ..., n}, (5.10)

where (hk)
n
k=0 are defined in Proposition 5.2. We need to impose an additional smooth-

ness condition for the functions (hk)nk=0 in order to guarantee smooth solutions (gk)nk=0

to (5.10). We assume that

(A7) There exist mixed derivatives (hktp)
n
k=0 ∈ C([0, T )× (0,∞)).

Assumption (A7) is not needed if ρ2 = 1, e.g. when the benefits α, β, η are contingent

on the tradeable risky asset S.

Proposition 5.4. Let (A1)-(A3) and (A7) hold.

(i) There exist unique solutions (gk)nk=0 ∈ C([0, T ] × (0,∞)) ∩ C1,2([0, T ) × (0,∞)) to

the system of PDEs (5.10).

(ii) We have

Yk(t) = gk(t, P (t)), Zk1 (t) = gkp(t, P (t))bP (t)ρ,

Zk2 (t) = gkp(t, P (t))bP (t)
√

1− ρ2, 0 ≤ t ≤ T, k ∈ {0, ..., n}, (5.11)

where (Yk,Zk1 ,Zk2 )nk=0 are defined in Proposition 5.3.
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6 The optimization problem with wealth-dependent

risk aversion coefficient

In the view of the discussion from Section 4, we postulate the following first-order

expansions:

vk(t, x, p) = vk0(t, x, p) + vk1(t, x, p)ε+O(ε2), ε→ 0, (6.1)

wk(t, x, p, r) = wk0(t, x, p) + wk1(t, x, p, r)ε+O(ε2), ε→ 0, (6.2)

πk,∗(t, x, p) = πk,∗0 (t, x, p) + πk,∗1 (t, x, p)ε+O(ε2), ε→ 0. (6.3)

We also assume that derivatives of (vk)nk=0, (w
k)nk=0 satisfy the first-order expansions of

the same form (6.1)-(6.2), see Chapter 1.4.3 in Holmes (2013).

From equation (3.5) we deduce that the true equilibrium strategy takes the form

πk,∗(t, x, p)

= −

(
vkx(t, x, p)− wkr (t, x, p, x− kF (t, p))

)
µ(

vkxx(t, x, p)− wkrr(t, x, p, x− kF (t, p))− 2wkxr(t, x, p, x− kF (t, p))
)
σ2

−

(
vkpx(t, x, p)− wkpr(t, x, p, x− kF (t, p))

)
bpσρ(

vkxx(t, x, p)− wkrr(t, x, p, x− kF (t, p))− 2wkxr(t, x, p, x− kF (t, p))
)
σ2

−

(
wkrr(t, x, p, x− kF (t, p)) + wkrx(t, x, p, x− kF (t, p))

)
kFp(t, p)bpσρ(

vkxx(t, x, p)− wkrr(t, x, p, x− kF (t, p))− 2wkxr(t, x, p, x− kF (t, p))
)
σ2
,

(t, x, p, k) ∈ [0, T ]× R× (0,∞)× {0, ..., n}. (6.4)

We remark that wr in (6.4) denotes derivative of w with respect to r valued at r =

x− kF (t, p). If the first-order expansions (6.1)-(6.2) for the functions (vk)nk=0, (wk)
n
k=0

and their derivatives are substituted into the equilibrium strategy (6.4), then we can

confirm the first-order expansion for the equilibrium strategy (6.3). In the expansion
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(6.3) we have to use

πk,∗0 (t, x, p) = −
vk0,x(t, x, p)µ+ vk0,px(t, x, p)bpσρ

vk0,xx(t, x, p)σ
2

,

πk,∗1 (t, x, p) =
vk0,x(t, x, p)µ+ vk0,px(t, x, p)bpσρ

(vk0,xx(t, x, p))
2σ2

·
(
vk1,xx(t, x, p)− wk1,rr(t, x, p, x− kF (t, p))− 2wk1,xr(t, x, p, x− kF (t, p))

)
−

(
vk1,x(t, x, p)− wk1,r(t, x, p, x− kF (t, p))

)
µ

vk0,xx(t, x, p)σ
2

−

(
vk1,px(t, x, p)− wk1,pr(t, x, p, x− kF (t, p))

)
bpσρ

vk0,xx(t, x, p)σ
2

−

(
wk1,rr(t, x, p, x− kF (t, p)) + wk1,xr(t, x, p, x− kF (t, p))

)
kFp(t, p)bpσρ

vk0,xx(t, x, p)σ
2

.

We now substitute the expansions (6.1)-(6.3) for (vk)nk=0, (wk)
n
k=0 and (πk,∗)nk=0 into the

system of HJB equations (3.5)-(3.6). We collect the terms of order O(1),O(ε),O(ε2)

and set them to zero, see Section 4. After some calculations, we can derive the system

of PDEs:

vk0,t(t, x, p) + Lπ
k,∗
0
k vk0(t, x, p) +

(
vk−1

0 (t, x− β(p), p)− vk0(t, x, p)
)
kλ = 0,

(t, x, p) ∈ [0, T )× R× (0,∞),

vk0(T, x, p) = −e−γ0(x−kη(p)), (x, p) ∈ R× (0,∞), (6.5)

vk1,t(t, x, p) + Lπ
k,∗
0
k vk1(t, x, p)−Mπk,∗0

k wk1(t, x, p, x− kF (t, p))

+Lπ
k,∗
0
k wk1(t, x, p, x− kF (t, p)) +

(
vk−1

1 (t, x− β(p), p)− vk1(t, x, p)
)
kλ

+
(
wk−1

1 (t, x− β(p), p, x− kF (t, p))

−wk−1
1 (t, x− β(p), p, x− β(p)− (k − 1)F (t, p))

)
kλ = 0,

(t, x, p) ∈ [0, T )× R× (0,∞),

vk1(T, x, p) = γ1(x− kη(p))(x− kη(p))e−γ0(x−kη(p)), (x, p) ∈ R× (0,∞), (6.6)
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wk0,t(t, x, p) + Lπ
k,∗
0
k wk0(t, x, p) +

(
wk−1

0 (t, x− β(p), p)− wk0(t, x, p)
)
kλ = 0,

(t, x, p) ∈ [0, T )× R× (0,∞),

wk0(T, x, p) = −e−γ0(x−kη(p)), (x, p) ∈ R× (0,∞), (6.7)

wk1,t(t, x, p, r) + Lπ
k,∗
0
k wk1(t, x, p, r) +

(
wk−1

1 (t, x− β(p), p, r)− wk1(t, x, p, r)
)
kλ = 0

(t, x, p) ∈ [0, T )× R× (0,∞), r ∈ R,

wk1(T, x, p, r) = γ1(r)(x− kη(p))e−γ0(x−kη(p)), (x, p) ∈ R× (0,∞), r ∈ R, (6.8)

for k = 0, 1, ..., n.

Recalling the discussion from Section 4, we expect that

vk0(t, x, p) = V k,γ0(t, x, p) = −e−γ0xeγ0hk,γ0 (t,p), (6.9)

wk0(t, x, p) = V k,γ0(t, x, p) = −e−γ0xeγ0hk,γ0 (t,p), (6.10)

where (hk)
n
k=0 are defined in Proposition 5.2. If (6.9)-(6.10) indeed hold, then

πk,∗0 (t, p) =
µ

σ2γ0

+
hk,γ0p (t, p)bpρ

σ
. (6.11)

Our choices (6.9)-(6.11) can be verified by direct substitution into (6.5)-(6.6). We can

also expect that

vk1(t, x, p) = γ1(x− kF (t, p))
d

dγ
V k,γ(t, x, p)|γ=γ0

= γ1(x− kF (t, p))
(
x− hk,γ0(t, p)− γ0g

k,γ0(t, p)
)
e−γ0xeγ0h

k,γ0 (t,p), (6.12)

wk1(t, x, p, r) = γ1(r)
d

dγ
V k,γ(t, x, p)|γ=γ0

= γ1(r)
(
x− hk,γ0(t, p)− γ0g

k,γ0(t, p)
)
e−γ0xeγ0h

k,γ0 (t,p), (6.13)

where (gk)nk=0 are defined in Proposition 5.4. Our guesses can again be confirmed by

direct substitution into (6.7)-(6.8). We now get

πk,∗1 (t, x, p) = −µγ1(x− kF (t, p))

σ2γ2
0

+
gk,γ0p (t, p)γ1(x− kF (t, p))bpρ

σ
. (6.14)
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By Propositions 5.2 and 5.4, our solutions (vk0 , v
k
1 , w

k
0)nk=0 ∈ C([0, T ] × R × (0,∞)) ∩

C1,2,2([0, T )×R× (0,∞)) and (wk1)nk=0 ∈ C([0, T ]×R× (0,∞)×R)∩C1,2,2([0, T )×R×

(0,∞) × R). Hence, we have found smooth solutions to the PDEs (6.5)-(6.8). These

solutions allow us to define the first-order approximations (6.1)-(6.3) to the true equi-

librium investment strategy and the true equilibrium value function of our optimization

problem with small amount ε of wealth-dependent risk aversion.

We can now state our main result.

Theorem 6.1. Let (A1)-(A7) hold. Consider the BSDEs (5.3) and (5.8). For a

sufficiently small ε > 0, the strategy

π̂∗(t) =
n∑
k=0

π̂k,∗(t)1{J(t−) = k}, 0 ≤ t ≤ T,

π̂k,∗(t) =
µ

σ2γ0

+
Zk,γ0

1 (t)

σ

+
(
− µ

σ2γ2
0

+
Zk,γ01 (t)

σ

)
γ1

(
X π̂∗(t−)− kF (t, P (t))

)
ε, 0 ≤ t ≤ T, (6.15)

is admissible, i.e. π̂∗ = (π̂k,∗)nk=0 ∈ A. The investment strategy (6.15) is a candi-

date asymptotic first-order approximation to the equilibrium investment strategy for the

optimization problem (3.2) with the wealth-dependent risk aversion coefficient Γ(r) =

γ0 + γ1(r)ε as ε→ 0. Alternatively, we can characterize the investment strategy (6.15)

with the functions (hk)nk=0, (g
k)nk=0 from Propositions 5.2, 5.4, see (6.11),(6.14).

Remark: In this paper we have not formally confirmed the order of the approxima-

tion error in (6.1)-(6.3), see Section 4 for the definition of the asymptotic first-order

approximation. Hence, the strategy (6.15) is only a candidate asymptotic first-order

approximation to the equilibrium investment strategy. We remark that only the order

of the approximation error have not been proved, whereas the first-order approxima-

tions have been justified and formally derived on the grounds of perturbation theory,

the discussion in Section 4 and the calculations in this section. In Delong (2018b) we

study an asymptotic optimality of our investment strategy and we formally show that

(6.15) performs better than any strategy in the class π0(t) + π1(t)ε up to the second
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order O(ε2) in the asymptotic expansion of the value function as ε → 0. We refer the

reader to Delong (2018b).

Our investment strategy (6.15) agrees with intuition. The zeroth-order strategy,

i.e. the first term in (6.15), is the optimal investment strategy for the insurer with

constant risk aversion γ0 who aims at maximizing the expected exponential utility of

the terminal wealth. The zeroth-order strategy consists of the constant Merton strategy

and the hedging strategy for the claims, which are optimal if the constant risk aversion

γ0 is used over the whole investment period. Since the insurer uses the risk aversion

coefficient Γ consisting of the constant risk aversion γ0 and the wealth-dependent risk

aversion γ1, the insurer should adjust the strategy and allow for the time-varying risk

aversion. The first-order correction, the second term in (6.15), describes the first-order

change in the zeroth-order strategy if the constant risk aversion coefficient γ0 is modified

by adding a small amount of the wealth-dependent component γ1. The Merton strategy

and the hedging strategy, which are optimal for the constant risk aversion γ0, are both

adjusted in (6.15) to reflect changes in the risk aversion coefficient and they now take

into account the new value of the insurer’s wealth-dependent risk aversion Γ at a given

time.

7 Examples

In this section we illustrate Theorem 6.1 with examples. We investigate the BSDEs

(5.3), (5.8) and the investment strategy (6.15) in some special cases relevant for insur-

ance and financial applications.

Example 1. Let us assume that the insurer is not exposed to insurance risk and has no

liability. Hence, in this example we consider a pure investment problem for an investor

with the wealth-dependent risk aversion (4.1). We expect that the equilibrium strategy

is related to the Merton strategy. It is easy to see that we can set Zγ
1 (t) = 0 and
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Zγ1 (t) = 0 in (5.3), (5.8). The first-order approximation to the equilibrium strategy is

π̂∗(t) =
µ

σ2γ0

− µ

σ2γ2
0

γ1

(
X π̂∗(t))

)
ε. (7.1)

We end up with the Merton strategy with the constant risk aversion γ0 which is ad-

justed with a wealth-dependent term when the insurer’s wealth-dependent risk aversion

deviates from γ0.

One may wonder if

π̃∗(t) =
µ

σ2Γ
(
X π̂∗(t)

) , (7.2)

is the true equilibrium strategy for our time-inconsistent pure investment problem, since

π̃∗(t) =
µ

σ2
(
γ0 + γ1

(
X π̂∗(t)

)
ε
) =

µ

σ2γ0

− µ

σ2γ2
0

γ1

(
X π̂∗(t))

)
ε+O(ε2).

The answer is no. The strategy (7.2) is called a naive strategy. For simplicity of

presentation, let us slightly move away from the model considered in this paper and

assume that Γ(r) = γ0/r. The wealth process (3.1) under the strategy (7.2) takes the

form

dX π̃∗(t) =
µ

σ2γ0

X π̃∗(t)
(
µdt+ σdW (t)

)
. (7.3)

From (3.3)-(3.4) and (7.3), we can conclude that

wπ̃
∗
(t, x, r) = E

[
− e−

γ0x
r
ξt,T
]
, vπ̃

∗
(t, x) = E

[
− e−γ0ξt,T

]
, (7.4)

where ξt,T is a random variable with log-normal law. If the strategy (7.2) were the true

equilibrium strategy, then (7.4) would be the functions which satisfy the HJB equation

(3.5). In particular, from (6.4) we could recalculate the equilibrium strategy. We get

π̃∗(t) =
µ

σ2γ0

X π̂∗(t)
E
[
e−γ0ξt,T ξt,T

]
E
[
− e−γ0ξt,T ξ2

t,T

] , (7.5)

which does not coincide with the strategy assumed in (7.2). Summing up, the first-order

approximation (7.1) to the equilibrium strategy agrees with our intuition, but the naive
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strategy (7.2) is not the equilibrium strategy for our investment problem. A numerical

comparison of the true equilibrium strategy and the naive strategy is presented in

Delong (2018a).

Example 2. Let us assume that the insurer is not exposed to insurance risk but has a

terminal liability η. Clearly, the Merton strategy must be complemented with a hedging

strategy for η. We assume that the market is complete, i.e the liability η is contingent

on the index P which coincides with the tradeable index S. We can set Zγ1 (t) = 0 in

(5.8), but we cannot set Zγ
1 (t) = 0 in (5.3). Fortunately, we can set Zγ

2 (t) = 0 in (5.3),

and we end up with the linear BSDE:

Y γ(t) = η(P (T ))−
∫ T

t

( µ2

2σ2γ
+
µ

σ
Zγ

1 (s)
)
ds−

∫ T

t

Zγ
1 (s)dW (s). (7.6)

The solution to (7.6) can be derived by classical techniques, see e.g. Proposition 3.3.1

in Delong (2013). The solution Zγ
1 to (7.6) gives us the hedging strategy for η which

should be applied by the insurer with the constant risk aversion γ. However, the

process Zγ
1 does not depend on the risk aversion coefficient γ. The independence of

the hedging strategy of the risk aversion is due to market completeness as the liability

η can be perfectly hedged. Consequently, the insurer does not have to modify the

hedging strategy when his risk aversion changes. The first-order approximation to the

equilibrium strategy is

π̂∗(t) =
µ

σ2γ0

+
Zγ0

1 (t)

σ
− µ

σ2γ2
0

γ1

(
X π̂∗(t)− F (t, P (t))ε.

The strategy consists of the Merton strategy and the hedging strategy for η, but only the

Merton strategy with the constant risk aversion γ0 is adjusted with a wealth-dependent

term as the insurer’s wealth-dependent risk aversion varies in time.

Example 3. In this example we assume that the insurer is exposed to a terminal

liability η which is paid if the policyholder survives. We assume that the liability η

is contingent on the index P which coincides with the tradeable index S. Since the

market is incomplete due to insurance risk, the hedging strategy for η now depends

on the insurer’s risk aversion coefficient and should be updated when the risk aversion
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changes. In this example we have to solve both (5.3) and (5.8). We can set Zγ
2 (t) = 0

and Zγ2 (t) = 0. We deal with two BSDEs:

Y 1,γ(t) = η(P (T ))−
∫ T

t

( µ2

2σ2γ
+
µ

σ
Z1,γ

1 (s)− eγ
(
Y 0,γ(s)−Y 1,γ(s)

)
− 1

γ
λ
)
ds

−
∫ T

t

Z1,γ
1 (s)dW (s), (7.7)

Y1,γ(t)

= −
∫ T

t

(
− µ2

2σ2γ2
−
eγ
(
Y 0,γ(s)−Y 1,γ(s)

)(
γ
(
Y 0,γ(s)− Y 1,γ(s)

)
− 1
)

+ 1

γ2
λ

−eγ
(
Y 0,γ(s)−Y 1,γ(s)

)
λY0,γ(s) + eγ

(
Y 0,γ(s)−Y 1,γ(s)

)
λY1,γ(s) +

µ

σ
Z1,γ

1 (s)
)
ds

−
∫ T

t

Z1,γ
1 (t)dW (t), (7.8)

where Y 0,γ(t) = − µ2

2σ2γ
(T − t) and Y0,γ(t) = µ2

2σ2γ2
(T − t). The first-order approximation

to the equilibrium strategy, applied if the policyholder lives, is

π̂1,∗(t) =
µ

σ2γ0

+
Z1,γ0

1 (t)

σ

+
(
− µ

σ2γ2
0

+
Z1,γ0

1 (t)

σ

)
γ1

(
X π̂∗(t−)− F (t, P (t))

)
ε. (7.9)

The Merton strategy and the hedging strategy for η, which are optimal for the constant

risk aversion γ0, are both adjusted with wealth-dependent and liability-dependent terms

as the insurer’s wealth-dependent risk aversion varies in time. If the policyholder dies,

then the strategy from Example 2 is applied. The BSDE (7.8) is a linear equation and

we can give a probabilistic representation of the solution, see Proposition 3.3.1 in Delong

(2013). The solution to the BSDE (7.7) is investigated in Moore and Young (2003) and

Ankirchner et al. (2010) in the context of different optimization problems.

Example 4. Finally, let us assume that the insurer is not exposed to insurance risk but

has a terminal liability η which is contingent on the non-tradeable index P correlated

with the tradeable index S. The market is incomplete due to non-hedgeable financial

risk. As in the previous example, the hedging strategy for η depends on the insurer’s

risk aversion coefficient. We have to solve both (5.3) and (5.8), and we cannot set
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Zγ
2 (t) = 0, Zγ2 (t) = 0. We consider two BSDEs:

Y γ(t) = η(P (T ))−
∫ T

t

( µ2

2σ2γ
+
µ

σ
Zγ

1 (s)− 1

2
γ(Zγ

2 (t))2
)
ds

−
∫ T

t

Zγ
1 (s)dW (s)−

∫ T

t

Zγ
2 (s)dB(s), (7.10)

Yγ(t) = −
∫ T

t

(
− µ2

2σ2γ2
− 1

2
(Zγ

2 (t))2 +
µ

σ
Zγ1 (s)− γZγ

2 (t)Zγ2 (t)
)
ds

−
∫ T

t

Zγ1 (t)dW (t)−
∫ T

t

Zγ2 (t)dB(t), (7.11)

and the first-order approximation to the equilibrium strategy takes the form

π̂∗(t) =
µ

σ2γ0

+
Zγ0

1 (t)

σ

+
(
− µ

σ2γ2
0

+
Zγ01 (t)

σ

)
γ1

(
X π̂∗(t)− F (t, P (t))

)
ε. (7.12)

Again, the Merton strategy and the hedging strategy for η, which are optimal for

the constant risk aversion γ0, are both adjusted with wealth-dependent and liability-

dependent terms as the insurer’s wealth-dependent risk aversion varies in time.

8 Proofs

Proof of Theorem 3.1: The proof is standard and we refer to the proof of Theorem

5.2 from Björk et al. (2017).

Proof of Proposition 5.1: Assertion (i): Let k = 0. By direct substitution, we can

check that the processes

Y 0(t) = − µ2

2σ2γ
(T − t), Z0

1(t) = Z0
2(t) = 0, 0 ≤ t ≤ T, (8.1)

satisfy the BSDE (5.3) with k = 0. The uniqueness of solution to (5.3) for k = 0 follows

from Lemma 4.11 in Jeanblanc et al. (2015). The properties of the solution (8.1) are

obvious. Next, we fix k ∈ {1, ..., n} and Y k−1 is given. Assume that Y k−1 is bounded,

which is the case for Y 0. The assertion (i) for the BSDE (5.3) follows from Lemma
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4.11 in Jeanblanc et al. (2015), as the assumptions of this lemma are satisfied for our

BSDE with k fixed.

Assertion (ii): The bounds for ||Y k||R∞ , ||Zk
1 ||BMO, ||Zk

2 ||BMO can be deduced from

Lemma 4.11 in Jeanblanc et al. (2015) (Steps 2 and 3 in their proof). Let us consider

the generator of the BSDE (5.3):

qk(t, ω, y, z1, z2) =
µ2

2σ2γ
− kα(ω) +

µ

σ
z1 −

1

2
γ|z2|2. (8.2)

Let Mk,γ = K(1+γ+k+ 1
γ
) where K is a constant independent of (k, γ). The generator

(8.2) satisfies the following conditions (Assumption 4.8 from Jeanblanc et al. (2015)):

|qk(t, ω, 0, 0)| ≤ Mk,γ,

|qk(t, ω, y, z1, z2)| ≤ Mk,γ

(
1 + |z1|2 + |z2|2

)
,

|qk(t, ω, y, z1, z2)− qk(t, y′, z1, z2)| = 0,

|qk(t, ω, y, z1, z2)− qk(t, ω, y, z′1, z′2)| ≤ Mk,γ(1 + |z2|+ |z′2|)
√
|z1 − z′1|2 + |z2 − z′2|.

By Lemma 4.11 from Jeanblanc et al. (2015), we can directly establish the bounds for

the solution to (5.3):

||Y k,γ||R∞ ≤ KeTMk,γ
(
k +Mk,γ + ||Y k−1,γ||R∞ + 1

)
:= Kk,γ,

||Zk,γ
1 ||2BMO + ||Zk,γ

2 ||2BMO ≤ Ke6Mk,γKk,γ
(

1 +Mk,γ(1 +Kk,γ)

+Mk,γ
1 + eγ(K+||Y k−1,γ ||R∞+Kk,γ)

γ
(n− k)

) 1

M2
k,γ

, (8.3)

where K denotes another constant independent of (k, γ). Since we have a finite sequence

of (Y k, Zk
1 , Z

k
2 )nk=0 and (Y 0, Z0

1 , Z
0
2)nk=0 is given by (8.1), the assertion (ii) holds.

Assertion (iii): Similarly to (8.3), we can deduce that

||Y k,t,p||R∞ + ||Zk,t,p
1 ||2BMO + ||Zk,t,p

2 ||2BMO ≤ K, (8.4)

where the constant K is independent of (k, t, p). Let us introduce the function

ψk,t,p(s, Y (s), Z1(s)) =
µ2

2σ2γ
− kα(P t,p(s)) +

µ

σ
Z1(s)

−e
γ(β(P t,p(s))+Y k−1,t,p(s)−Y (s)) − 1

γ
kλ.
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We remark that parameter p in ψk,t,p also affects the process Y k−1,t,p. We fix k ∈

{1, ..., n} and Y k−1 is given. We apply Theorem 5.1 from Ankirchner et al. (2007). For

any q > 1, we have the following estimate for the solutions to the BSDE (5.3):

E
[

sup
s∈[0,T ]

∣∣Y k,t,p(s)− Y k,t,p′(s)
∣∣2q

+
(∫ T

0

∣∣Zk,t,p
1 (s)− Zk,t,p′

1 (s)
∣∣2ds+

∫ T

0

∣∣Zk,t,p
2 (s)− Zk,t,p′

2 (s)
∣∣2ds)q]

≤ K
(
E
[∣∣∣k|η(P t,p(T ))− η(P t,p′(T ))

∣∣∣∣∣2qr2
+
(∫ T

0

∣∣ψk,t,p(s, Y k,t,p(s), Zk,t,p
1 (s))− ψk,t,p′(s, Y k,t,p(s), Zk,t,p

1 (s))
∣∣ds)2qr2]) 1

r2

,

(8.5)

where the constant K depends on q, T , the Lipschitz constant of (y, z1) 7→ ψk,t,p(s, y, z1)

and ||Zk,t,p
2 + Zk,t,p′

2 ||BMO. The constant r is also related to ||Zk,t,p
2 + Zk,t,p′

2 ||BMO by

Theorem 5.1 from Ankirchner et al. (2007) and Theorem 3.1 from Kazamaki (1997).

By (A3) and the assertion (ii), the Lipschitz constant of (y, z1) 7→ ψk,t,p(s, y, z1) is

independent of (k, t, p). Moreover, by (8.4), the norm ||Zk,t,p
2 ||BMO can be bounded by

a constant independent of (k, t, p) (see (8.4)). Consequently, we can choose universal

constants r > 1 and K in (8.5) for all (t, p), (t, p′) ∈ [0, T ] × (0,∞) and k ∈ {1, ..., n}.

Since (Y k)nk=0 is uniformly bounded in (t, p, k), the functions α, β, η are bounded and

Lipschitz continuous, and

E
[

sup
s∈[0,T ]

∣∣P t,p(s)− P t,p′(s)
∣∣q] ≤ K|p− p′|q, q ≥ 2,

we can deduce that

E
[

sup
s∈[0,T ]

∣∣Y k,t,p(s)− Y k,t,p′(s)
∣∣2q

+
(∫ T

0

∣∣Zk,t,p
1 (s)− Zk,t,p′

1 (s)
∣∣2ds+

∫ T

0

∣∣Zk,t,p
2 (s)− Zk,t,p′

2 (s)
∣∣2ds)q]

≤ K
(
|p− p′|2qr2 + E

[
sup
s∈[0,T ]

∣∣Y k−1,t,p(s)− Y k−1,t,p′(s)
∣∣2qr2]) 1

r2

. (8.6)

The result (5.4) can be proved if we iterate (8.6) starting with (8.1).
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Proof of Proposition 5.2: Assertion (i): If |ρ| = 1, then we deal with the PDEs:

hkt (t, p) +
(
a− µb

σ

)
phkp(t, p) +

1

2
b2p2hpp(t, p) + kα(p)− µ2

2σ2γ
− kλ

γ

+
eγβ(p)eγh

k−1(t,p)

γ
kλe−γh

k(t,p) = 0, (t, p) ∈ [0, T )× (0,∞),

hk(T, p) = kη(p), p ∈ (0,∞). (8.7)

If |ρ| < 1, then we introduce h̃k(t, p) = e(1−ρ2)γhk(t,p) and we deal with the PDEs:

h̃kt (t, p) +
(
a− µbρ

σ

)
ph̃kp(t, p) +

1

2
b2p2h̃kpp(t, p)

+
(
γkα(p)− µ2

2σ2
− kλ

)
(1− ρ2)h̃k(t, p)

+eγβ(p)(1− ρ2)(h̃k−1(t, p))
1

1−ρ2 kλ(h̃k(t, p))
− ρ2

1−ρ2 = 0, (t, p) ∈ [0, T )× (0,∞),

h̃k(T, p) = e(1−ρ2)γkη(p), p ∈ (0,∞). (8.8)

For k = 0 we immediately get h0(t, p) = − µ2

2σ2γ
(T−t) and uniqueness of solution follows

from Proposition 2.3 from Becherer (2005).

Equation (8.7): The result follows from Propositions 2.1 and 2.3 from Becherer (2005),

which should be applied iteratively to the PDEs (8.7) starting with k = 1 and h0. Fix

k ∈ {1, ..., n} and hk−1 is given. Assume that hk−1 is uniformly bounded on [0, T ] ×

(0,∞) and hk−1 ∈ C([0, T ]× (0,∞))∩C1,2([0, T )× (0,∞)), which is the case for h0. We

define an operator based on Feynman-Kac formula and Proposition 2.1 from Becherer

(2005):

(Aφ)(t, p) = EQ
[
kη(P (T )) +

∫ T

t

(
kα(P (s))− µ2

2σ2γ
− kλ

γ

+
eγβ(P (s))eγh

k−1(s,P (s))

γ
kλe−γφ(s,P (s))

)
ds|P (t) = p

]
, (t, p) ∈ [0, T ]× (0,∞),

where

dP (t)

P (t)
=
(
a− µbρ

σ

)
dt+ b

(
ρdWQ(t) +

√
1− ρ2dBQ(t)

)
, 0 ≤ t ≤ T.

Let us consider a sequence (hkm)∞m=0 defined with hkm+1(t, p) = (Ahkm)(t, p). We can ob-

serve that if hkm(t, p) ≥ −( µ2

2σ2γ
+ kλ

γ
)T , then hkm+1(t, p) ≥ −( µ2

2σ2γ
+ kλ

γ
)T . Since hkm(t, p)
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is uniformly bounded from below in (t, p,m), it is also easy to see that hkm+1(t, p) is

uniformly bounded from above in (t, p,m). Hence, the assumptions of Proposition 2.1

from Becherer (2005) are satisfied. We conclude that there exists a unique fixed point

of the operator A and a unique solution hk to the equation hk(t, p) = (Ahk)(t, p),

which can be derived from (hkm)∞m=0. Next, we use Proposition 2.3 from Becherer

(2005) to show that the fixed point hk is a smooth function and satisfies the PDE

(8.7). We investigate smoothness properties of the successive elements in the sequence

hkm+1(t, p) = (Ahkm)(t, p). Assumptions (2.9)-(2.12) from Becherer (2005) are satisfied,

but (2.13) is not clear. However, a closer look at the proof (see (2.16)) shows that it is

sufficient to require that

(t, p, φ) 7→ kα(p)− µ2

2σ2γ
− kλ

γ
+
eγβ(p)eγh

k−1(t,p)

γ
kλe−γφ,

is uniformly Hölder continuous on [0, T −ε]×D̄× [Kl, Ku], where ε > 0, D is a bounded

subset of (0,∞) such that D̄ ⊂ (0,∞), and Kl, Ku denotes the lower and upper bounds

for the sequence (hkm)∞m=0. Since hk−1 ∈ C([0, T ] × (0,∞)) ∩ C1,2([0, T ) × (0,∞)), this

assumption holds in our case. Hence, from Proposition 2.3 in Becherer (2005) we

can conclude that the sequence (hkm)∞m=0 is in C([0, T ]× (0,∞)) ∩ C1,2([0, T )× (0,∞)).

Moreover, the PDE (8.7) has a unique solution in C([0, T ]×(0,∞))∩C1,2([0, T )×(0,∞)),

uniformly bounded on [0, T ] × (0,∞), which is determined by the fixed point of the

operator A and the sequence (hkm)∞m=0.

Equation (8.8): The proof is analogous. This time we assume that h̃k−1 is uniformly

bounded on [0, T ]× (0,∞), positive and uniformly bounded away from zero on [0, T ]×

(0,∞) and h̃k−1 ∈ C([0, T ]× (0,∞))∩C1,2([0, T )× (0,∞)), which is the case for h̃0. We

introduce the appropriate operator A based on Feynman-Kac formula. We note that if

h̃km(t, p) ≥ e−( µ
2

2σ2
+kλ)(1−ρ2)T > 0, then h̃km+1(t, p) = (Ah̃km)(t, p) ≥ e−( µ

2

2σ2
+kλ)(1−ρ2)T > 0.

Since h̃km(t, p) is positive and uniformly bounded away from zero in (t, p,m), it is also

easy to see that h̃km+1(t, p) = (Ah̃km)(t, p) is uniformly bounded from above in (t, p,m).

Hence, the assumptions of Propositions 2.1 and 2.3 from Becherer (2005) are satisfied.

Assertion (ii): The case with k = 0 is trivial - just compare the explicit solutions to the
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BSDE and the PDE for k = 0. Fix k ∈ {1, ..., n}. Assume that Y k−1(t) = hk−1(t, P (t)),

which is the case for k = 0. Since we have a sequence of smooth functions (hk)nk=0, we

can apply Itô’s formula to derive the dynamics of hk(t, P (t)) on [0, T − ε] and compare

the resulting dynamics with the dynamics of Y k given by (5.3) (this step is standard,

see e.g. Proposition 4.3 in El Karoui et al. (1997)). We can deduce candidate solutions

for (Y k, Zk
1 , Z

k
2 ) on [0, T ]. Next, we have to prove that the candidate solutions (5.6)

are in the appropriate class of processes. The candidate solution for Y k is bounded by

point (i). We prove the BMO property for the candidate solutions for (Zk
1 , Z

k
2 ). Let us

choose a localizing sequence of stopping times (τm)∞m=1 for the process P and a stopping

time τ ∈ [0, T ]. Applying Itô’s formula to hk, changing the measure to Q ∼ P with the

exponential martingale E
(
−
∫ ·

0
µ
σ
dW (s)

)
and using the PDE (5.5), we can derive

hk((T − ε) ∧ τm ∧ τ, P ((T − ε) ∧ τm ∧ τ)) = hk(τ, P (τ))

+

∫ (T−ε)∧τm∧τ

τ

( µ2

2σ2γ
− kα(P (s))− 1

2
γ
(
hkp(s, P (s))bP (s)

√
1− ρ2

)2

−e
γ(β(P (s))+hk−1(s,P (s))−hk(s,P (s))) − 1

γ
kλ
)
ds

+

∫ (T−ε)∧τm∧τ

τ

hkp(s, P (s))bP (s)ρdWQ(s)

+

∫ (T−ε)∧τm∧τ

τ

hkp(s, P (s))bP (s)
√

1− ρ2dBQ(s). (8.9)

If |ρ| = 1, we take the square on both sides of (8.9) and the expected value. If |ρ| < 1,

we just take the expected value. In both cases, by boundedness of (hk)nk=0, α, β, we can

establish the inequality

EQ
[ ∫ (T−ε)∧τm∧τ

τ

(
hkp(s, P (s))P (s)

)2
ds|FW,Bτ

]
≤ K.

Takingm→∞, ε→ 0, by monotone convergence theorem we deduce that
( ∫ t

0
hkp(s, P (s))P (s)dWQ(s), 0 ≤

t ≤ T ) is a BMO(Q,FW,B)-martingale, and also a BMO(P,FW,B)-martingale (see The-

orem 3.6 in Kazamaki (1997)). By uniqueness of solution to the BSDE (5.3), we have

characterized (Y k, Zk
1 , Z

k
2 ) with hk.

Proof of Theorem 5.1: Step 1: Let us assume there exists a unique solution (Y, Z1, Z2, Q) ∈
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R2(F)×H2(F)×H2(F)×H2(F) to the BSDE

Y (t) = J(T )η(P (T ))−
∫ T

t

( µ2

2σ2γ
− J(s−)α(P (s)) +

µ

σ
Z1(s)− 1

2
γ(Z2(s))2

−e
γ(β(P (s))+Q(s)) − 1

γ
J(s−)λ

)
ds

−
∫ T

t

Z1(s)dW (s)−
∫ T

t

Z2(s)dB(s)−
∫ T

t

Q(s)dN(s), 0 ≤ t ≤ T, (8.10)

such that (Y,Q) are bounded and
( ∫ t

0
Z1(s)dW (s), 0 ≤ t ≤ T

)
,
( ∫ t

0
Z2(s)dB(s), 0 ≤

t ≤ T
)

are BMO(F)-martingales. Using standard techniques from optimal control, see

e.g. Hu et al. (2005) or Chapter 11 in Delong (2013), we can prove that the strategy

π∗(t) =
µ

σ2γ
+
Z1(t)

σ
, 0 ≤ t ≤ T, (8.11)

is the optimal admissible investment strategy for the optimization problem (3.2) and

V k(t, x, p) = V k,π∗(t, x, p) = −e−γxeγY (t)|P (t)=p,J(t)=k is the value function corresponding

to the strategy π∗. Moreover,

e−γ(Xπ∗ (t)−Y (t)) = e−γ(x−Y (0))

·E
(
−
∫ t

0

µ

σ
dW (s) +

∫ t

0

γZ2dB(s)
)

·E
(∫ t

0

(
eγ(β(P (s))+Q(s)) − 1

)
(dN(s)− (n−N(s−))λds)

)
, (8.12)

where E(M) denotes the stochastic exponential of the martingaleM . Since
∫ t

0
Z2(s)dB(s)

is a BMO-martingale, β and Q are bounded and the process N only jumps finitely many

times upward, we can conclude that the product of the stochastic exponentials of mar-

tingales in (8.12) is a true martingale, see Lemma 1 in Morlais (2010) and Theorem 2.3

in Kazamaki (1997).

Step 2: We prove that there exists a solution to the BSDE (8.10), which we assume

in Step 1. The BSDE (8.10) is a quadratic-exponential BSDE with jumps. Jeanblanc

et al. (2015), Kharroubi et al. (2013) and Jiao et al. (2013) showed how to transform

a quadratic-exponential BSDE with a finite number of jumps into a system of BSDEs

without jumps. We apply their methods. Let τn = 0, τk = inf{t > τk+1 : J(t) <
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J(τk+1)} ∧ T, k = n − 1, ..., 0. For k ∈ {0, ..., n}, let us write the BSDE (8.10) on

τk ≤ t ≤ τk−1, where we assume that τ−1 = T . We get the equation:

Y (t) = Y (τk−1)−
∫ τk−1

t

( µ2

2σ2γ
− kα(P (s)) +

µ

σ
Zk

1 (s)− 1

2
γ(Zk

2 (s))2

−e
γ(β(P (s))+Qk(s)) − 1

γ
kλ
)
ds−

∫ τk−1

t

Zk
1 (s)dW (s)

−
∫ τk−1

t

Zk
2 (s)dB(s)−

∫ τk−1

t

Qk(s)dN(s), τk ≤ t ≤ τk−1. (8.13)

The Fτk−1
-measurable random variable Y (τk−1) has the decomposition:

Y (τk−1) = kη(P (T ))1{τk−1 = T}+ Ỹ (τk−1)1{τk−1 < T}, k = 1, ..., n, (8.14)

where Ỹ is an FW,B-adapted process. In order to match the terminal condition of the

BSDE (8.13), given by (8.14), at the jump time τk−1 < T , we set

Qk(t) = Ỹ (τk−1)− Y (t), τk ≤ t ≤ τk−1, k = 1, ..., n.

Consequently, the problem of solving the BSDE (8.10) can be replaced with the problem

of solving the system of BSDEs (5.3). The existence of solutions to the system of BSDEs

(5.3) is established in Proposition 5.1. Gluing the solutions to the BSDEs (5.3), we can

derive the solution to the BSDE (8.10). For details of the construction, we refer to

Proposition 4.4, Lemma 4.11, Theorems 4.12 and 4.17 in Jeanblanc et al. (2015). We

set

Y (t) =
n∑
k=0

Y k(t)1{J(t) = k}, 0 ≤ t ≤ T,

Z1(t) =
n∑
k=0

Zk
1 (t)1{J(t−) = k}, 0 ≤ t ≤ T,

Z2(t) =
n∑
k=0

Zk
2 (t)1{J(t−) = k}, 0 ≤ t ≤ T,

Q(t) =
n∑
k=0

(
Y k−1(t)− Y k(t)

)
1{J(t−) = k}, 0 ≤ t ≤ T. (8.15)

The optimal strategy (5.7) follows from (8.11) and (8.15).
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Step 3: We investigate properties of the solution (8.15). By uniqueness of solutions

to the BSDEs (5.3) and the arguments from Step 2, there exists a unique solution

(Y, Z1, Z2, Q) ∈ R2(F) ×H2(F) ×H2(F) ×H2(F) to the BSDE (8.10) given by (8.15).

We notice that

sup
F−stopping times T

E
[ ∫ T

T
|Zi(t)|2dt

∣∣FT ]
≤ (n+ 1)

n∑
k=0

sup
F−stopping times T

E
[ ∫ T

T
|Zk

i (t)|2dt
∣∣FT ] <∞, i = 1, 2,

by the BMO(F) property of
∫ t

0
Zk

1dW (s),
∫ t

0
Zk

2dB(s) which solve (8.13) (see point (i) in

Proposition 5.1). Consequently, the processes
( ∫ t

0
Z1(s)dW (s), 0 ≤ t ≤ T

)
,
( ∫ t

0
Z2(s)dB(s), 0 ≤

t ≤ T
)

are BMO(F) martingales. By point (ii) of Proposition 5.1 and (8.15), the pro-

cesses (Y,Q) are bounded.

Proof of Proposition 5.3: Step 1: We will apply the a priori estimates from Ankirch-

ner et al. (2007) which we adapt to our setting. We will often use the properties of

the solutions to the BSDEs (5.3) which we specify in points (i)-(ii) in Proposition 5.1

(without recalling them). We will also use the energy inequality (see page 29 in Kaza-

maki (1997)), which says that for a BMO(G)-martingale X (t) =
∫ t

0
Z(s)dW (s) and

G-stopping time, we have the inequality

E
[( ∫ T

τ

|Z(s)|2ds
)κ
|Gτ
]
≤ κ!||Z||2κBMO, κ = 1, 2, .... (8.16)

We fix q > 1. We can deduce that (Y k,γ, Zk,γ
1 , Zk,γ

2 )nk=0 ∈ Rq(FW,B) × Hq(FW,B) ×

Hq(FW,B). We choose (ε, ε′) ∈ [−ε0, ε0] and 0 < ε0 < γ.

Step 2: We claim that the mapping γ 7→ (Y k,γ, Zk,γ
1 , Zk,γ

2 ) is continuous as a mapping

(0,∞) 7→ Rq(FW,B)×Hq(FW,B)×Hq(FW,B). The explicit solution (Y 0,γ, Z0,γ
1 , Z0,γ

2 ) can

be directly investigated and the assertion holds for k = 0. We fix k ∈ {1, ..., n} and we

assume that the assertion holds for k− 1. We prove that the assertion holds for k. Let
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us introduce the function

ψk,γ(t, Y (t), Z1(t)) =
µ2

2σ2γ
− kα(P (t)) +

µ

σ
Z1(t)

−e
γ(β(P (t))+Y k−1,γ(t)−Y (t)) − 1

γ
kλ.

We remark that parameter γ in ψk,γ also affects the process Y k−1,γ. The assumptions

of Theorem 5.1 and Lemma 5.2 from Ankirchner et al. (2007) are satisfied. However,

the quadratic term in our equation (5.3) is of the form γ(Zk,γ
2 )2 and both terms γ and

Zk,γ
2 (t) are perturbated when we add ε to γ. If we write

(γ + ε)
(
Zk,γ+ε

2 (t)
)2 − γ

(
Zk,γ

2 (t)
)2

= (γ + ε)
(
Zk,γ+ε

2 (t) + Zk,γ
2 (t)

)(
Zk,γ+ε

2 (t)− Zk,γ
2 (t)

)
+ ε(Zk,γ

2 (t))2,

then we can observe that we have one additional term compared to Ankirchner et al.

(2007). Adapting the proofs of Theorem 5.1 and Lemma 5.2 from Ankirchner et al.

(2007) to our setting, we can derive the estimate

E
[

sup
0≤t≤T

∣∣Y k,γ(t)− Y k,γ+ε(t)
∣∣2q

+
(∫ T

0

∣∣Zk,γ
1 (t)− Zk,γ+ε

1 (t)
∣∣2dt+

∫ T

0

∣∣Zk,γ
2 (t)− Zk,γ+ε

2 (t)
∣∣2dt)q]

≤ K
(
E
[( ∫ T

0

∣∣ψk,γ(t, Y k,γ(t), Zk,γ
1 (t))− ψk,γ+ε(t, Y k,γ(t), Zk,γ

1 (t))

+|ε|
(
Zk,γ

2 (t)
)2∣∣dt)2qr2]) 1

r2

,

(8.17)

where the constant K depends on q, T , the Lipschitz constant of (y, z1) 7→ ψk,γ(t, y, z1)

and ||(γ + ε)
(
Zk,γ+ε

2 + Zk,γ
2

)
||BMO. The constant r is also related to ||(γ + ε)

(
Zk,γ+ε

2 +

Zk,γ
2

)
||BMO by Theorem 5.1 from Ankirchner et al. (2007) and Theorem 3.1 from

Kazamaki (1997). Since ||Zk,γ
2 ||BMO can be bounded by a constant independent of

γ ∈ [γ − ε0, γ + ε0], we can choose universal constants r > 1 and K in (8.17) for

all ε ∈ [−ε0, ε0]. Since we assume that Y k−1,γ+ε → Y k−1,γ in Rq(FW,B) as ε → 0, then

limε→0 ψ
k,γ+ε(t, Y k,γ(t), Zk,γ

1 (t)) = ψk,γ(t, Y k,γ(t), Zk,γ
1 (t)), a.s. for a.a. t ∈ [0, T ]. Taking
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ε→ 0 and using the dominated convergence theorem, we can prove that the right hand

side of (8.17) converges to zero. The convergence inR2q(FW,B)×H2q(FW,B)×H2q(FW,B)

implies the convergence in Rq(FW,B)×Hq(FW,B)×Hq(FW,B). Consequently, the asser-

tion of Step 2 is proved.

Step 3: Let k = 0. We can easily see that (Y 0,γ, Z0,γ
1 , Z0,γ

2 ), given by (8.1), is differen-

tiable with respect to γ and the derivatives Y0,γ(t) = µ2

2σ2γ2
(T − t),Z0,γ

1 (t) = Z0,γ
2 (t) = 0

satisfy the BSDE (5.8). The properties of (Y0,γ,Z0,γ
1 ,Z0,γ

2 ) are obvious. Hence, the

result of this proposition holds for k = 0. Fix k ∈ {1, ..., n} and assume that the result

holds for k − 1. We prove that the result holds for k. For ε 6= 0, we introduce

Uk,ε(t) =
Y k,γ+ε(t)− Y k,γ(t)

ε
, Vk,ε1 (t) =

Zk,γ+ε
1 (t)− Zk,γ

1 (t)

ε
,

Vk,ε2 (t) =
Zk,γ+ε

2 (t)− Zk,γ
2 (t)

ε
, 0 ≤ t ≤ T,

and we investigate the BSDE

Uk,ε(t) = −
∫ T

t

(
Ak,ε(s) + ϕk,ε(s,Uk,ε(s),Vk,ε1 (s)) +Hk,ε(s)Vk,ε2 (t)

)
ds

−
∫ T

t

Vk,ε1 (t)dW (t)−
∫ T

t

Vk,ε2 (t)dB(t), 0 ≤ t ≤ T, (8.18)

where

Ak,ε(t) = −1

2

(
Zk,γ+ε

2 (t)
)2

+

∫ 1

0

(
− µ2

2σ2((θ(γ + ε) + (1− θ)γ)2

−
e(θ(γ+ε)+(1−θ)γ)(β(P (t))+Y k−1,γ+ε(t)−Y k,γ+ε(t))(β(P (t)) + Y k−1,γ+ε(t)− Y k,γ+ε(t)

)
θ(γ + ε) + (1− θ)γ

kλ

−e
(θ(γ+ε)+(1−θ)γ)(β(P (t))+Y k−1,γ+ε(t)−Y k,γ+ε(t)) − 1

(θ(γ + ε) + (1− θ)γ)2
kλ
)
dθ

−
(∫ 1

0

eγ(β(P (t))+θY k−1,γ+ε(t)+(1−θ)Y k−1,γ(t)−Y k,γ+ε(t))kλdθ
)
Uk−1,ε(t),

ϕk,ε(t,U(t),V1(t))

=
(∫ 1

0

eγ(β(P (t))+Y k−1,γ(t)−θY k,γ+ε(t)−(1−θ)Y k,γ(t))kλdθ
)
U(t) +

µ

σ
V1(t),

Hk,ε(t) = −1

2
γ
(
Zk,γ+ε

2 (t) + Zk,γ
2 (t)

)
. (8.19)

By the assumption made for Step 3, the sequence (Uk−1,ε,Vk−1,ε
1 ,Vk−1,ε

2 ), for ε ∈ [−ε0, ε0]\

{0}, converges inRq(FW,B)×Hq(FW,B)×Hq(FW,B) as ε→ 0. We also have (Uk−1,0,Vk−1,0
1 ,Vk−1,0

2 ) =
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(Yk−1,γ,Zk−1,γ
1 ,Zk−1,γ

2 ) where (Uk−1,0,Vk−1,0
1 ,Vk−1,0

2 ) is interpreted as the limit of the

sequence (Uk−1,ε,Vk−1,ε
1 ,Vk−1,ε

2 ) as ε→ 0.

Step 3.1: Let us assume that ||Uk−1,ε||R∞ , ||Vk−1,ε
1 ||BMO, ||Vk−1,ε

2 ||BMO are uniformly

bounded in ε ∈ [−ε0, ε0]. Our assumption clearly holds for k = 0. We prove that

||Uk,ε||R∞ , ||Vk,ε1 ||BMO, ||Vk,ε2 ||BMO are finite for any ε ∈ [−ε0, ε0] \ {0} and the upper

bound does not depend on ε. The assumptions of Theorem 4.1 and Lemma 4.2 from

Ankirchner et al. (2007) are satisfied. Let τ ∈ [0, T ] denote an FW,B-stopping time.

Using the conditional version of the a priori estimate from Lemma 4.2 from Ankirchner

et al. (2007), see (20)-(22), we can derive the estimate

∣∣Uk,ε(τ)
∣∣2q + E

[( ∫ T

τ

∣∣Vk,ε1 (s)
∣∣2ds+

∫ T

τ

∣∣Vk,ε2 (s)
∣∣2ds)q∣∣FW,Bτ

]
≤ K

{
E
[( ∫ T

τ

∣∣Ak,ε(s)∣∣ds)2q

|FW,Bτ

]
+
(
E
[( ∫ T

τ

|Ak,ε(s)|ds
)2q

|FW,Bτ

]) 1
2

·
(
E
[( ∫ T

τ

|Hk,ε(s)|2ds
)2q

|FW,Bτ

]) 1
2
}
, (8.20)

where the constantK depends on q, T and the Lipschitz constant of (u, v1) 7→ ϕk,ε(t, u, v1).

We remark that we simply use Q = P in Lemma 4.2 from Ankirchner et al. (2007).

Moreover, by the energy inequality (8.16) we can deduce

E
[( ∫ T

τ

|Hk,ε(s)|2ds
)2q

|FW,Bτ

]
≤ K

(
1 + ||Zk,γ

2 ||
2[2q]+2
BMO + |Zk,γ+ε

2 ||2[2q]+2
BMO

)
≤ K,

E
[( ∫ T

τ

|Ak,ε(s)|ds
)2q

|FW,Bτ

]
≤ K

(
1 + ||Zk,γ+ε

2 ||2[2q]+2
BMO + ||Uk−1,ε||2qR∞

)
≤ K, (8.21)

where the final constant K can be chosen uniformly for all ε ∈ [−ε0, ε0]. Hence, the

upper bound in (8.20) is independent of τ and ε. The assertion of Step 3.1 is proved.

The case for ε = 0 will be resolved in Step 3.3.

Step 3.2: We prove that (Uk,ε,Zk,ε1 ,Zk,ε2 ) converges in Rq(FW,B)×Hq(FW,B)×Hq(FW,B)
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as ε→ 0. Theorem 4.1 from Ankirchner et al. (2007) gives us the key estimate:

E
[

sup
0≤t≤T

∣∣Uk,ε(t)− Uk,ε′(t)∣∣2q
+
(∫ T

0

∣∣Vk,ε1 (t)− Vk,ε
′

1 (t)
∣∣2dt+

∫ T

0

∣∣Vk,ε2 (t)− Vk,ε
′

2 (t)
∣∣2dt)q]

≤ K
{(

E
[( ∫ T

0

∣∣ϕk,ε(t,Uk,ε′(t),Vk,ε′1 (t))− ϕk,ε′(t,Uk,ε′(t),Vk,ε
′

1 (t))
∣∣dt)2qr2

+
(∫ T

0

∣∣Ak,ε(t)− Ak,ε′(t)∣∣dt)2qr2]) 1
r2

+
(
E
[( ∫ T

0

|Ak,ε(t)|dt
)2qr2]) 1

2r2

·
(
E
[( ∫ T

0

|Hk,ε(t)−Hk,ε′(t)|2dt
)2qr2]) 1

2r2
}
, (8.22)

where the constant K depends on q, T , the Lipschitz constant of (u, v1) 7→ ϕk,ε(t, u, v1)

and ||Zk,γ+ε
2 + Zk,γ

2 ||BMO. The constant r is also related to ||Zk,γ+ε
2 + Zk,γ

2 ||BMO by

Theorem 4.1 from Ankirchner et al. (2007) and Theorem 3.1 from Kazamaki (1997).

As in Step 2, we can choose universal constants r > 1 and K in (8.22) for all ε ∈ [−ε0, ε0].

We prove the convergence for each term on the right hand side of (8.22). Using the

bound (8.21), the estimate (8.17) and the result from Step 2, we conclude that the last

term in (8.22) converges to zero as (ε, ε′)→ 0. Next, we derive

∣∣ϕk,ε(t,Uk,ε′(t),Vk,ε′1 (t))− ϕk,ε′(t,Uk,ε′(t),Vk,ε
′

1 (t))
∣∣

≤ K
(∫ 1

0

∣∣e−γ(θY k,γ+ε(t)+(1−θ)Y k,γ(t))

−e−γ(θY k,γ+ε
′
(t)+(1−θ)Y k,γ(t))

∣∣dθ)||Uk,ε′||R∞ . (8.23)

By (8.20)-(8.21) and Step 3.1, the norm ||Uk,ε′||R∞ can be bounded by a constant

independent of ε′. Since γ 7→ Y k,γ is continuous in Rq(FW,B) by Step 2, we deduce that

the right hand side of (8.23) converges to zero a.s. for a.a. t ∈ [0, T ], as (ε, ε′) → 0.

Consequently, by the dominated convergence theorem, the first term after the inequality

in (8.22) converges to zero as (ε, ε′)→ 0. We are left with one more term in (8.22). We
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have the estimate

E
[( ∫ T

0

∣∣Ak,ε(t)− Ak,ε′(t)∣∣dt)2qr2]
≤ KE

[( ∫ T

0

∣∣|Zk,γ+ε
2 (t)|2 − |Zk,γ+ε′

2 (t)|2
∣∣dt)2qr2

+
(∫ T

0

∣∣Gk,γ+ε
1 (t)−Gk,γ+ε′

1 (t)
∣∣dt)2qr2

+
(∫ T

0

∣∣Gk,γ+ε
2 (t)Uk−1,ε(t)−Gk,γ+ε′

2 (t)Uk−1,ε′(t)
∣∣dt)2qr2]

, (8.24)

where Gk,γ+ε
1 , Gk,γ+ε

2 can be deduced from the definition of Ak,ε. We can see that

E
[( ∫ T

0

∣∣|Zk,γ+ε
2 (t)|2 − |Zk,γ+ε′

2 (t)|2
∣∣dt)2qr2]

≤
(
E
[( ∫ T

0

|Zk,γ+ε
2 (t) + Zk,γ+ε′

2 (t)|2dt
)2qr2]) 1

2

·
(
E
[( ∫ T

0

|Zk,γ+ε
2 (t)− Zk,γ+ε′

2 (t)|2dt
)2qr2]) 1

2

≤ K
(
E
[( ∫ T

0

|Zk,γ+ε
2 (t)− Zk,γ+ε′

2 (t)|2dt
)2qr2]) 1

2
, (8.25)

where K depends on ||Zk,γ+ε
2 ||BMO (by the energy inequality (8.16)) and is univer-

sal for all ε ∈ [−ε0, ε0]. By the result of Step 2, we know that γ 7→ Zk,γ
2 is continuous

in Hq(FW,B), for any q > 1. Consequently, the first term on the right hand side of (8.24)

converges to zero as (ε, ε′)→ 0. We observe that the norms ||Gk,γ+ε
1 ||R∞ , ||Gk,γ+ε

2 ||R∞ , ||Uk−1,ε||R∞

are bounded in ε ∈ [−ε0, ε0] (in particular by the assumption made for Step 3.1 ). More-

over, limε→0G
k,γ+ε
1 (t) = Gk,γ

1 (t), a.s. for a.a. t ∈ [0, T ], and the same limits hold for

Gk,γ+ε
2 and Uk−1,ε (by the result of Step 2 and the assumption made for Step 3 which

guarantee a.s. convergence of Y k−1,γ+ε(t), Y k,γ+ε(t),Uk−1,ε(t) for a.a. t ∈ [0, T ] as ε →

0). By the dominated convergence theorem, the remaining two term on the right hand

side of (8.24) converge to zero as (ε, ε′) → 0. Collecting our results and the estimate

(8.22), we can conclude that (Uk,ε,Vk,ε1 ,Vk,ε2 ), for ε ∈ [−ε0, ε0]\{0} is a Cauchy sequence

which converges to a unique triple (Uk,0,Vk,01 ,Vk,02 ) in Rq(FW,B)×Hq(FW,B)×Hq(FW,B)

as ε→ 0.
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Step 3.3: We start with the BSDE (8.18) and its solution (Uk,ε,Vk,ε1 ,Vk,ε2 ). As above, we

can prove the convergence for each term in the BSDE (8.18) - for the process Uk,ε, the

generator and the stochastic integrals. We can conclude that the limit (Uk,0,Vk,01 ,Vk,02 )

satisfies the BSDE (5.8). Hence, the assertion of Step 3 is proved.

We now investigate the BSDE (5.8) and its solution (Yk,γ,Zk,γ1 ,Zk,γ2 ). We can derive

similar bounds (8.20)-(8.21) for (Yk,γ,Zk,γ1 ,Yk,γ2 ). We can deduce that Yk,γ is bounded

and
( ∫ t

0
Zk,γ1 (s)dW (s), 0 ≤ t ≤ T

)
,
( ∫ t

0
Zk,γ2 (s)dB(s), 0 ≤ t ≤ T

)
are BMO(FW,B)-

martingales. From (8.20)-(8.21) for (Yk,γ,Zk,γ1 ,Zk,γ2 ), we can also deduce that the

norms ||Yk,γ||R∞ , ||Zk,γ1 ||BMO, ||Zk,γ2 ||BMO are bounded uniformly in k ∈ {0, ..., n} and

γ ∈ (γ0 − ε, γ0 + ε) for ε < γ0.

Let us now investigate the BSDE (5.8) with the forward equation (2.3) with the initial

condition P (t) = p. The solution to (5.8) is now denoted by (Yk,t,p,Zk,t,p1 ,Zk,t,p2 ). Let

Ak,t,p(s) = −1

2
(Zk,t,p

2 (s))2 − µ2

2σ2γ2

−
eγ(β(P t,p(s))+Y k−1,t,p(s)−Y k,t,p(s))

(
γ
(
β(P t,p(s)) + Y k−1,t,p(s)− Y k,t,p(s)

)
− 1
)

+ 1

γ2
kλ

−eγ
(
β(P t,p(s))+Y k−1,t,p(s)−Y k,t,p(s)

)
kλYk−1,t,p(s),

ϕk,t,p(s,Y(s),Z(s)) = eγ
(
β(P t,p(s))+Y k−1,t,p(s)−Y k,t,p(s)

)
kλY(s) +

µ

σ
Z1(s),

Hk,t,p(s) = −γZk,t,p
2 (s). (8.26)

Similarly to (8.22), we state the estimate

E
[

sup
s∈[0,T ]

∣∣Yk,t,p(s)− Yk,t,p′(s)∣∣2q]
≤ K

{(
E
[( ∫ T

0

∣∣ϕk,t,p(s,Yk,t,p′(s),Zk,t,p′1 (s))− ϕk,t,p′(s,Yk,t,p′(s),Zk,t,p
′

1 (s))
∣∣ds)2qr2

+
(∫ T

0

∣∣Ak,t,p(s)− Ak,t,p′(s)∣∣ds)2qr2]) 1
r2

+
(
E
[( ∫ T

0

|Ak,t,p(s)|ds
)2qr2]) 1

2r2

·
(
E
[( ∫ T

0

|Hk,t,p(s)−Hk,t,p′(s)|2ds
)2qr2]) 1

2r2
}
, (8.27)
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Using the assertion (iii), the arguments from Step 3.2 with (8.23)-(8.25) and the argu-

ments leading to (5.4), (8.4), (8.6), we can deduce the estimate

E
[

sup
s∈[0,T ]

∣∣Yk,t,p(s)− Yk,t,p′(s)∣∣2q]
≤ K

{(
|p− p′|2qr2 + E

[
sup
s∈[0,T ]

∣∣Yk−1,t,p(s)− Yk−1,t,p′(s)
∣∣2qr2]) 1

r2

+|p− p′|2q
}
, (8.28)

where the constant K is independent of (k, t, p, p′). The result (5.9) can be derived if

we iterate (8.28) starting with the explicit solution Y0,t,p.

Step 4: We finally prove that the BSDE (5.8) has a unique solution. Fix k ∈ {0, ..., n}.

By Step 3.3 there exists at least one solution to the BSDE (5.8). Let us assume that

there exist two solutions (Yk,γ,Zk,γ1 ,Zk,γ2 ) ∈ Rq(FW,B) × Hq(FW,B) × Hq(FW,B) and

(Ỹk,γ, Z̃k,γ1 , Z̃k,γ2 ) ∈ Rq(FW,B) ×Hq(FW,B) ×Hq(FW,B). Changing the measure, we get

the BSDE

Yk,γ(t)− Ỹk,γ(t) = −
∫ T

t

eγ(β(P (s))+Y k−1,γ(s)+Y k,γ(s))kλ(Yk,γ(s)− Ỹk,γ(s))ds

−
∫ T

t

(Zk,γ1 (s)− Z̃k,γ1 (s))dWQ(s)

−
∫ T

t

(Zk,γ1 (s)− Z̃k,γ1 (s))dBQ(s), 0 ≤ t ≤ T, (8.29)

where Q denotes an equivalent probability measure Q ∼ P. By Theorem 5.1 from El

Karoui et al. (1997) the BSDE (8.29) has a unique solution in Rq(FW,B)×Hq(FW,B)×

Hq(FW,B) under Q, for any q > 1. This solution is (0, 0, 0). Since the martingale

E(
∫ ·

0
µ
σ
dWQ(s) −

∫ ·
0
γZk,γ

2 (s)dBQ(s)), which is used to change the measure from Q to

P, is r-integrable under Q for some r > 1, see e.g. Theorems 3.1 and 3.6 in Kazamaki

(1997), we deduce that the BSDE (5.8) has a unique solution in Rq(R)×Hq(R)×Hq(R)

under P.

Proof of Proposition 5.4: The assertions (i)-(ii) hold for k = 0 - just compare

the explicit solutions to the BSDE and the PDE for k = 0. Uniqueness of solution
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to the PDE (5.10) for k = 0 follows from Proposition 2.3 in Becherer (2005). Fix

k ∈ {1, ..., n} and assume that the assertions (i)-(ii) hold for k − 1. In particular,

gk−1 ∈ C([0, T ]× (0,∞)) ∩ C1,2([0, T )× (0,∞)) and Yk−1(t) = gk−1(t, P (t)). We prove

that the assertions (i)-(ii) hold for k.

Step 1: By (5.9), the mapping p 7→ Yk,t,p(t) is continuous on (0,∞) for any fixed

t ∈ [0, T ]. We prove that the mapping (t, p) 7→ Yk,t,p(t) is continuous on [0, T ]× (0,∞).

We introduce the parametrized dynamics:

P t,p(s)

P t,p(s)
= adt+ b(ρdW (t) +

√
1− ρ2dB(t)), t ≤ s ≤ T,

P t,p(t) = p.

We can observe that (t, p) 7→ P t,p(s) is continuous on [0, T ]× (0,∞), for any s ∈ [t, T ].

Let t′ ≤ t. Recalling (8.5), (8.27) and Theorems 4.1, 5.1 from Ankirchner et al. (2007),

we can deduce the following estimates:

|Yk,t,p(t)− Yk,t′,p′(t′)|2q = |Yk,t,p(0)− Yk,t′,p′(0)|2q

≤ E
[
sups∈[0,T ]|Yk,t,p(s)− Yk,t

′,p′(s)|2q
]

≤ K
{(

E
[( ∫ T

t

∣∣ϕk,t,p(s,Yk,t′,p′(s),Zk,t′,p′1 (s))− ϕk,t′,p′(s,Yk,t′,p′(s),Zk,t
′,p′

1 (s))
∣∣ds

+

∫ t

t′

∣∣ϕk,t′,p′(s,Yk,t′,p′(s),Zk,t′,p′1 (s))
∣∣ds)2qr2

+
(∫ T

t

∣∣Ak,t,p(s)− Ak,t′,p′(s)∣∣ds+

∫ t

t′

∣∣Ak,t′,p′(s)∣∣ds)2qr2]) 1
r2

+
(
E
[( ∫ T

t

|Ak,t,p(s)|ds
)2qr2]) 1

2r2

·
(
E
[( ∫ T

t

|Hk,t,p(s)−Hk,t′,p′(s)|2ds+

∫ t

t′
|Hk,t′,p′(s)|2ds

)2qr2]) 1
2r2
}
,
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and

E
[( ∫ T

0

∣∣Zk,t,p′

2 (s)− Zk,t′,p′

2 (s)
∣∣2ds)q]

≤ K
(
E
[∣∣kη(P t,p(T ))− kη(P t′,p′(T ))

∣∣2qr2]
+E
[( ∫ T

t

∣∣ψk,t,p(s, Y k,t′,p′(s), Zk,t′,p′

1 (s))− ψk,t′,p′(t, Y k,t′,p′(s), Zk,t′,p′

1 (s))
∣∣ds

+

∫ t

t′

∣∣ψk,t′,p′(t, Y k,t′,p′(s), Zk,t′,p′

1 (s))
∣∣ds)2qr2]) 1

r2

.

Using similar arguments as in the proof of Proposition 5.3 (Steps 3.2-3.3 ) and the

results of Proposition 5.2 (in particular the properties that Y k(t) = hk(t, P (t)) and

hk ∈ C([0, T ] × (0,∞))), we can show that lim(t,p)→(t′,p′) |Yk,t,p(t) − Yk,t
′,p′(t′)| = 0.

Consequently, the assertion is proved.

Step 2: We derive a representation for Yk. Let us change the measure to Q ∼ P with

the exponential martingale E(−
∫ ·

0
µ
σ
dW (s) +

∫ ·
0
γZk,γ

2 (s)dB(s)). The BSDE (5.8) and

the price process (2.3) take the form

dYk,t,p(s) =
(

Υ(s, P t,p(s))

−Ψ(s, P t,p(s))gk−1(s, P t,p(s)) + Ψ(s, P t,p(s))Yk,t,p(s)
)
ds

+Zk,t,p1 (s)dWQ(s) + Zk,t,p2 (s)dBQ(s), t ≤ s ≤ T,

P t,p(s)

P t,p(s)
=

(
a− µbρ

σ
+ γ(1− ρ2)b2P t,p(s)hkp(s, P

t,p(s))
)
ds

+b
(
ρdWQ(s) +

√
1− ρ2dBQ(s)

)
, t ≤ s ≤ T, (8.30)

where

Υ(s, p) = − µ2

2σ2γ2
− 1

2
(1− ρ2)b2p2

(
hkp(s, p)

)2

−
eγ(β(p)+hk−1(s,p)−hk(s,p))

(
γ
(
β(p) + hk−1(s, p)− hk(s, p)

)
− 1
)

+ 1

γ2
kλ

Ψ(s, p) = eγ(β(p)+hk−1(s,p)−hk(s,p))kλ.

The stochastic integrals in (8.30) are Q-martingales, see e.g. Theorem 3.6 in Kazamaki
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(1997). Taking the expected value in (8.30), we derive that

Yk,t,p(t)

= EQ
[
−
∫ T

t

e−
∫ s
t Ψ(u,P t,p(u))ds

(
Υ(s, P t,p(s))−Ψ(s, P t,p(s))gk−1(s, P t,p(s))

)
ds
]
,

(t, p) ∈ [0, T ]× (0,∞), k ∈ {0, ..., n}.

Step 3: Using (A7), Steps 1-2, Theorem 1 from Heath and Schweizer (2001), we can

conclude that Yk,t,p(t) = gk(t, p) where gk ∈ C([0, T ]× (0,∞))∩C1,2([0, T − ε)× (0,∞))

and gk satisfies the PDE (5.10) for (t, p) ∈ [0, T−ε)×(0,∞) with the terminal condition

Yk,T−ε,p(T − ε), for any ε > 0. Moreover, the solution to such a PDE unique. Since

ε > 0 is arbitrary, the result is proved.

Step 4: The formulas for Z1 and Z2 can be proved as in Proposition 5.2.

Proof of Theorem 6.1: From the calculations in Section 6 we conclude that the first-

order expansion to the equilibrium strategy is given by (6.3) with (6.11) and (6.14). If

we use the relations between (hk)nk=0, (g
k)nk=0 and (Y k, Zk

1 )nk=0, (Yk,Zk1 )nk=0 established

in Propositions 5.2 and 5.4, we get the strategy (6.15). We now confirm that our

strategy (6.15) is admissible, i.e. it satisfies all points of Definition 3.1.

Point 1: The strategy π̂∗ is F-predictable and is determined with a measurable mapping.

Point 2: By Propositions 5.1 and 5.3, the processes
( ∫ t

0
Zk,γ0

1 (s)dW (s), 0 ≤ t ≤ T
)
,
( ∫ t

0
Zk,γ01 (s)dW (s), 0 ≤

t ≤ T
)

are BMO(FW,B) martingales, for each k ∈ {0, ..., n}. Since γ1 is bounded, we

can deduce that
( ∫ t

0
π̂∗(t)(s)dW (s), 0 ≤ t ≤ T

)
is a BMO(F) martingale.

Point 3: The dynamics of the insurer’s wealth process (3.1) under the strategy π̂∗ is

given by the equation

dX π̂∗(t) = π̂J(t−),∗(t,X π̂∗(t), P (t))
(
µdt+ σdW (t)

)
−J(t−)α(P (t))dt+ β(P (t))dJ(t), 0 ≤ t ≤ T. (8.31)

By Lipschitz continuity of γ1 and the formula (5.11) for Zk1 , we have

|π̂k,∗(t, x, p)− π̂k,∗(t, x′, p)| ≤ K|gkp(t, p)p||x− x′|,
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for any (t, x, p), (t, x′, p) ∈ [0, T ] × R × (0,∞) and k ∈ {0, ..., n}. By Propositions 5.3-

5.4, the mapping p 7→ gk(t, p) is Lipschitz continuous on (0,∞) uniformly in t ∈ [0, T ]

and gk ∈ C([0, T ]× (0,∞))∩C1,2([0, T )× (0,∞)). Consequently, the derivative (t, p) 7→

gkp(t, p) is uniformly bounded and continuous on [0, T ) × (0,∞). In the definition of

the investment strategy (6.15) we can choose gkp(T, p) = limt7→T− g
k
p(t, p) and we have

a continuous, finite mapping t 7→ gkp(t, P (t, ω))P (t, ω) on [0, T ] for a.a ω. We can

conclude that the SDE (8.31) is a SDE with a process Lipschitz coefficient, see Chapter

V in Protter (2005). Hence, by Theorem V.7 in Protter (2005), there exists a unique

solution to (8.31).

Point 4: We use the decomposition: π̂∗(t) = π̂∗0(t) + π̂∗1(t)ε. We choose r ∈ R and set

γ1 := γ1(r). We fix t ∈ [0, T ]. We have to study the expected value:

E
[
e−Γ(r)

(
Xπ̂∗ (T )−J(T )η(P (T ))

)
|Ft
]

= E
[
e−(γ0+γ1ε)

(
Xπ̂∗ (T )−J(T )η(P (T ))

)
|Ft
]

= e−(γ0+γ1ε)Xπ̂∗ (t)+γ0Y (t)E
[
e−γ0

(
Xπ̂∗0 (T )−Xπ̂∗0 (t)−(Y (T )−Y (t))

)
·e−ε
( ∫ T

t π̃∗(s)µds+
∫ T
t π̃∗(s)σdW (s)

)
eγ1ε
( ∫ T

t J(s)α(P (s))ds−
∫ T
t β(P (s))dJ(s)+J(T )η(P (T ))

)]
,

where Y solves the BSDE (8.10), and we introduce π̃∗(s) = γ1π̂
∗
0(s) + (γ0 + γ1ε)π̂

∗
1(s).

We have the property:

||π̃∗||BMO ≤ |γ1|||π̂∗0||BMO + (γ0 + |γ1|ε)||π̂∗1||BMO <∞. (8.32)

The process (M1(s), t ≤ s ≤ T ) given by

M1(s) = e−γ0
(
Xπ̂∗0 (s)−Xπ̂∗0 (t)−(Y (s)−Y (t))

)
,

is an exponential martingale generated by a BMO-martingale, see (8.12). By Hölder

inequality and reverse Hölder inequality (see Theorem 3.1 in Kazamaki (1997)), we can
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derive

E
[
e−Γ(r)

(
Xπ̂∗ (T )−J(T )η(P (T ))

)
|Ft
]

≤ e−(γ0+γ1ε)Xπ̂∗ (t)+γ0Y (t)
(
E
[
|M1(T )|q1|Ft

]) 1
q1

·
(
E
[
e−q

∗
1ε
( ∫ T

t π̃∗(s)µds+
∫ T
t π̃∗(s)σdW (s)

)
eq
∗
1γ1ε
( ∫ T

t J(s)α(P (s))ds−
∫ T
t β(P (s))dJ(s)+J(T )η(P (T ))

)
|Ft
]) 1

q∗1

≤ Ke−(γ0+γ1ε)Xπ̂∗ (t)+γ0Y (t)

·
(
E
[
e−

∫ T
t q∗1επ̃

∗(s)σdW (s)− 1
2

∫ T
t |q

∗
1επ̃
∗(s)σ|2dse

1
2

∫ T
t |q

∗
1επ̃
∗(s)σ|2ds−

∫ T
t q∗1επ̃

∗(s)µds|Ft
]) 1

q∗1 ,

for some sufficiently small q1 > 1 and its conjugate q∗1. The process (M2(s), t ≤ s ≤ T )

given by M2(s) = e−
∫ s
t q
∗
1επ̃
∗(u)σdW (u)− 1

2

∫ s
t |q
∗
1επ̃
∗(u)σ|2du is also an exponential martingale

generated by a BMO-martingale. Applying again Hölder inequality and reverse Hölder

inequality, we get

E
[
e−Γ(r)

(
Xπ̂∗ (T )−J(T )η(P (T ))

)
|Ft
]

≤ Ke−(γ0+γ1ε)Xπ̂∗ (t)+γ0Y (t)

·
(
E
[
e

1
2

∫ T
t q∗2 |q∗1επ̃∗(s)σ|2ds−

∫ T
t q∗2q

∗
1επ̃
∗(s)µds|Ft

]) 1
q∗1q
∗
2 , (8.33)

for some sufficiently small q2 > 1 and its conjugate q∗2. Finally, for a sufficiently small

ε > 0, we have the inequality

E
[
e

1
2

∫ T
t q∗2 |q∗1επ̃∗(s)σ|2ds−

∫ T
t q∗2q

∗
1επ̃
∗(s)µds|Ft

]
≤ KE

[
eKε

2
∫ T
t |π̃

∗(s)|2ds|Ft
]
≤ K

1−Kε2||π̃∗||2BMO

<∞, (8.34)

by (8.32) and John-Nirenberg inequality, see Theorem 2.2 in Kazamaki (1997). Col-

lecting (8.33) and (8.34), we can conclude that our strategy π̂∗ satisfies point 4.
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