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In this paper we investigate an optimal investment and consump-
tion problem for an investor who trades in a Black-Scholes finan-
cial market with stochastic coefficients driven by a non-Gaussian
Ornstein-Uhlenbeck process. We assume that an agent makes invest-
ment and consumption decisions based on a power utility function.
By applying the usual separation method in the variables, we are
faced with the problem of solving a non-linear (semilinear) first-order
partial integro-differential equation. A candidate solution is derived
via the Feynman-Kac representation. By using the properties of an
operator, defined in a suitable function space, we prove uniqueness
and smoothness of the solution. Optimality is verified by applying a
classical verification theorem.

1. Introduction. A fundamental problem in financial mathematics is
the allocation of funds between assets in order to provide sufficiently large
payments during the duration of an investment contract, as well as to arrive
at a high return at maturity. This optimization problem has its origin in a
seminal paper by Merton [18], where it is formulated as a utility maximiza-
tion problem and an optimal strategy is derived via the Bellman equation.
Since then, there has been a growing interest in investment and consumption
problems and the classical Merton problem has been extended in many di-
rections. One of the generalizations considers financial coefficients (risk-free
return, drift and volatility) affected by an external stochastic factor.

In this paper we extend the results from [5] and [17]. We investigate a
Black-Scholes-type financial model with coefficients depending on a back-
ground driving process. The dependence is described through general func-
tions which satisfy linear growth conditions. An external stochastic fac-
tor is chosen as Ornstein-Uhlenbeck process driven by a subordinator. The
Barndorff-Nielsen & Shephard model considered in [5] and [17], arises as a
special case. As an additional possibility, the investor is allowed to withdraw
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2 DELONG & KLUPPELBERG

(consume) funds during the term of the contract. This leads to an optimal
investment and consumption problem which is more complex than a pure
investment problem. From an analytical point of view, the difference is that,
after applying the usual separation of variables, we arrive at a non-linear
partial integro-differential equation, whereas [5] and [17] deal with a linear
one.

The first goal of this paper is to show that a candidate value function
is the classical solution of a corresponding Hamilton-Jacobi-Bellman equa-
tion. This requires proving the existence of a classical solution to a non-linear
(semilinear) first-order partial integro-differential equation. It is well known,
see [9], Ch. 12.2, and [20] that the regularity of solutions to equations with
an integral term is uncertain, especially in the degenerate case. There ex-
ist some results concerning the smoothness of a solution to a linear partial
integro-differential equation, see e.g. [2], Ch. 3.3 and 3.8, [9], Ch. 12.2, and
[20], but they all deal only with the non-degenerate second-order case. The
degenerate case can be handled by applying a viscosity approach (e.g. [9],
Ch. 12.2), which we want to avoid following instead [5], where the exis-
tence of a classical solution to a linear first-order partial integro-differential
equation is established. We believe that our proof (in Sections 4 and 5) of
the existence of a unique classical solution to a non-linear first-order partial
integro-differential equation contributes to the present state of the literature.

Our second goal is to provide an explicit formula for the optimal con-
sumption. In the case of a power utility function, it is intuitively easy to
foresee a formula for the optimal investment, by simply replacing determin-
istic coefficients by functions, which relate coefficients to an external factor,
and thus make the strategy adapted to an underlying filtration. This is no
longer obvious as far as the consumption strategy is concerned. To the best
of our knowledge the formula for the optimal consumption in the model
investigated in this paper is new (see Theorem 6.1).

Portfolio optimization in stochastic factor models has recently gained
much attention in the financial literature. The majority of papers applies
a power utility function and considers a Black-Scholes financial market with
an external stochastic factor of diffusion type. In this setting, it is well known
that one has to solve a non-degenerate non-linear second-order partial dif-
ferential equation. Several methods have been proposed to deal with this
problem. In [24], in the case of a pure investment problem, a power trans-
formation was introduced, which makes the non-linear term disappear. In
[16] a similar transformation has been applied, but because of the possi-
ble consumption, a linear partial differential equation appears only in the
case of perfectly (positively) correlated Brownian motions or for logarithmic
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OPTIMAL INVESTMENT AND CONSUMPTION 3

utility. More effective methods have been proposed in [12] and [8]. In the
first paper a change of measure transformation is applied, and the resulting
optimization control problem is investigated, whose value function depends
only on time and a factor variable. In the second paper the dual problem is
considered, whose control process belongs to a set of equivalent local mar-
tingale measures. Again, the value function of the dual problem depends
only on time and a factor variable. This method has also been successfully
applied in a robust utility maximization model in [15] recently. In all three
above-mentioned papers the existence of a classical solution to the Hamilton-
Jacobi-Bellman equation is proved in three steps: first, by constraining the
values of the control process to a compact set, second, by applying results
from the theory of non-degenerate linear partial differential equations (see
Chapter VI.6 and Appendix E in [13]) and, thus, showing that the con-
strained problem has a unique classical solution, and third, by studying the
asymptotic limit. It seems that this method cannot be successfully applied
for our problem.

In the present paper a candidate solution is first derived heuristically via
the Feynman-Kac representation. This leads to a fixed point equation. The
existence of a solution is established by Banach’s fixed point theorem and
its differentiability is proved by using the properties of a suitable operator.
Finally, we show that the candidate solution verifies our integro-differential
equation and that this solution is unique. The idea of finding a solution to a
control problem through a fixed point theorem is not new; it is, for example,
mentioned in [8]. In [4] the existence of a solution to a non-degenerate non-
linear (semilinear) partial differential equation is proved by Banach’s fixed
point theorem. The smoothness follows then from Holder estimates for a
solution of a non-degenerate linear partial differential equation. We would
like to point out that, in particular, in [4] an exponent in the Feynman-Kac
formula is assumed to be bounded, which leads to a bounded solution, while
we are dealing with a solution which satisfies only an exponential growth
condition. We also would like to mention that in the context of optimal
control, the results from [4] are directly applied in [10], where an investment
and consumption problem is investigated in the presence of default, triggered
by a one-jump counting process with a stochastic intensity of diffusion type.

Throughout this paper we assume that the external factor is observable
(as in all above mentioned publications). An alternative would be a partially
observed control problem, whose optimal strategy would then be based on
an estimate of the underlying factor. We refer to [3] or [21], where a portfolio
problem is solved in a diffusion setting with an unobserved volatility process
of diffusion type and of Markov-switching type, respectively.
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4 DELONG & KLUPPELBERG

Our paper is structured as follows. In Section 2 we introduce the financial
market. The optimization problem is formulated in Section 3. The unique-
ness of a solution is proved in Section 4, whereas the differentiability is
established in Section 5. In Section 6 we show the optimality of a solution
and illustrate our findings by a numerical example. We also present the so-
lution to the optimal investment and consumption problem for logarithmic
utility.

2. The financial market. Let (2, F,P) be a probability space with
filtration F = (F(t))o<t<7, where T denotes a finite time horizon. The fil-
tration is assumed to satisfy the usual conditions of completeness and right
continuity. The measure P is the real-world, objective probability measure.
All expectations are taken with respect to P.

We consider a Black-Scholes market with coefficients driven by an external
stochastic factor. Let Y := (Y (¢))o<t<7 denote this economic factor, whose
dynamics is given by a stochastic differential (SDE) equation of the Ornstein-
Uhlenbeck type

(2.1) dY (t) = —AY (t—)dt + dL(Xt), Y(0)=y >0,

where A > 0 denotes the reversion rate and L := (L(t))o<t<r is an F-
adapted subordinator with cadlag sample paths. Recall that a subordinator
is a Lévy process with a.s. nondecreasing sample paths. For definitions and
more background on Lévy processes; we refer to [1], [7] or [23].
Our financial market consists of two instruments. The price of a (locally)
risk-free asset B := (B(t))o<t<7 is described by the differential equation
dB(t)
2.2 —= =rY(t—))dt, B(0)=1
(22) S = () BO) =1
whereas the dynamics of the price of a risky asset, S := (S(¢))o<t<7, is given
by the SDE
ds(t)
(2.3) S0 =pY(t=))dt + o(Y(t—))dW(t), S(0)=s>0,
where W := (W (t))o<t<7 denotes an F-adapted Brownian motion, indepen-
dent of the subordinator L. We make the following assumptions concerning
the functions r, 4 and o

(A1) the functions 7 : (0,00) — [0,00), p : (0,00) — [0,00) and
o :(0,00) — (0,00) are continuous and satisfy the linear growth con-
ditions:

r(y) <A, + By, wly) <A,+Buy, o*(y) <A, + By, y>0

imsart-aap ver. 2007/01/24 file: delong,*kluppelberg.tex date: August 29, 2007



OPTIMAL INVESTMENT AND CONSUMPTION 5

with nonnegative constants,
2
(A2) the derivatives g—; :(0,00) — R, Z—Z : (0,00) — R and ddiy : (0,00) —
R are continuous and satisfy analogous linear growth conditions as
r? M’ 0-2’
(A3) infyep, o(y) > 0, where the set Dy will be specified in (3.7).

Notice that the assumptions (A1)-(A3) are more general than in [8], [12]
and [15], where uniform boundedness of the functions 7, i, 0 and their first
derivatives is required. Our conditions are similar to those in [24], where
Lipschitz continuity of the coefficients is assumed, together with a linear
growth condition.

A prominent example of the above financial model is the Barndorff-Nielsen
& Shephard model, introduced in [6], which can be described by the following

set of equations

dB(t)
W = rdt,

(2.4) S = BV )+ JY (=) dw ().

Besides the above paper we refer also to [9], Ch. 15, [5], [17] and references
therein for more information about the properties of non-Gaussian stochastic
volatility models in the context relevant for our paper.

We shall need some further results and notation for Y and its background
driving Lévy process L. The subordinator L has the representation (see e.g.
1], Ch. 1.3.2)

(2.5) L(t):/ / :N(ds,dz), t>0,
(0,t] Jz>0

where N((0,t] x A) = #{0 < s <t: (L(s)— L(s—)) € A} denotes a Poisson
random measure with a deterministic, time-homogeneous intensity measure
v(dz)ds satistying [,_,., 2v(dz) < co. The fundamental result in the theory
of infinitely divisible random variables is the Lévy-Kintchine formula, which
presents the moment generating function of a subordinator as follows

(2.6) E[eWE®)] = ) = exp{t/ (e —1Dv(dz)}, w<w,

z>0

for some w € [0,00]. The function 1(w) is called the Laplace exponent of
L. Notice that ¢ (w) exists at least for all w < 0 and ¥ (w) > 0 for w > 0,
provided it exists.
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6 DELONG & KLUPPELBERG

Let us now investigate the SDE (2.1). Its unique solution is for s > t given
by (cf. [1], Ch. 6.3)

S
2.7)  Y(s)=ye e 4 / e DAL Ow), V() = y.

t
We abbreviate the process (2.7) by Y := (Y4¥(s),t < s < T) and would
like to point out that it has a.s. cadlag sample paths of finite variation, and
that the mapping y — Y*¥ is continuous P-a.s.. Moreover

0
(2.8) %Yt’y(s) =e M6 P_qs.
Finally, it is straightforward to establish the following relations for all 0 <
t<s<Tandy>0:

(2.9) Yi¥(s) < y4 L(As) — L(\t),
(2.10) A / Y(wdu = y+ L(hs) — L) — Y¥(s),
(2.11) < y+Ls)— LOM) = y+ LO\(s —1).

The above relations hold P-a.s., except for the last equality, which holds in
distribution.

3. Formulation of the optimization problem. We consider an in-
vestor who takes decisions concerning investment and consumption of a port-
folio based on a power utility function of the form z7 for v € (0, 1).

Consider the wealth process X7 := (X“™(t))o<t<7 of an agent. Its dy-
namics is given by the stochastic differential equation

dXer(t) = @)X (@) (u(Y (t=))dt + o (Y (t=))dW (1))
(3.1) +(1 —7w() X" ()r(Y (t—))dt — c(t)dt,
where 7(t) denotes a fraction of the wealth invested in the risky asset and

c(t) denotes the rate of consumption at time t. We are dealing with the
following optimization problem

T
(3.2) supE[/ (es))ds + (X°T(T))" | X(0) = 2, Y (0) = y].

c,T 0

The corresponding optimal value function is defined as

T
(33V(tx.y)= sup E[ / (c(s))ds + (XT(T))" | X(5) = 2, Y (1) = ).
(e,m)eA 3

Let us introduce the set A of admissible strategies.
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OPTIMAL INVESTMENT AND CONSUMPTION 7

DEFINITION 3.1. A strategy (¢, 7) := (c(t), 7(t))o<t<T is admissible, and
we write (¢, ) € A, if it satisfies the following conditions:

(1) (¢,m):(0,T]xQ — [0,00) %[0, 1] is a progressively measurable mapping
with respect to the filtration T,

(2) f(;f c(s)ds < oo P-a.s.,

(3) the SDE (3.1) has a unique, positive solution X“™ on [0,T].

We would like to mention that for every (¢,m) € A the wealth process
X7, which satisfies (3.1), is an It6 diffusion; i.e. in particular a semimartin-
gale with P-a.s continuous sample paths.

Notice that we exclude the possibility of borrowing from the bank account
and short-selling the asset, as in [5] and [17]. Technically, there is no problem
in solving the unconstrained optimization problem. In particular, if (u(y) —
r(y))/o%(y) is positive and uniformly bounded, all our results remain the
same.

One can associate a Hamilton-Jacobi-Bellman equation with the opti-
mization problem (3.3) given by the following partial integro-differential
equation

v

v
sup A+ —(tx,y)+ —(txy) (re(u(y) —r(y
(¢,m)€[0,00)x[0,1] { 8t( ) 8:1:( ) (rz(p(y) (y))

2
0“v 2 92 9 ov

(34)  Har(y) —c) + %w(t,w, y)rezto(y) — a—y(t,x,y))\y

) /z>0 (vt 2,y +2) = U(t,x,y))y(dz)} =0, o(T,z,y)==2a".

As we use a power utility function it is natural to try to find a solution of
the form v(t,z,y) = 27 f(t,y) for some function f. With this choice of the
value function, the optimal strategy (¢, ), which maximizes the left hand
side of (3.4), is given by

1

(3.5) ¢ = zf(t,y) -,
36) & = ag max {rluly) — r(u) — 571 = )W),

To investigate the formula for the investment strategy more closely we define
the three sets

D1 = {y>0,u(y) —r(y) <0},
(3.7) Dy = {y>0,u(y)—r(y) >0,(1-7)c*y) > uly) — )}
Dy = {y>0,uly) —r(y) >0,(1—7)0*(y) < puly) —ry)}
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8 DELONG & KLUPPELBERG

The strategy 7 is given by

0 (TS Dl)

) owy) —ry)
) T e Y
1 y € Ds.

The following lemma is a counterpart of Lemma 5.1 in [5].

LEMMA 3.2.  Define the function

3:9) QW) = max {x(u(s) ~ () ~ 371 =)} + )
’I"(y) y € Dy,
—r 2
= | YL ) e

py) — 31 =7)o(y) y€Ds.
The function Q) is nonnegative, continuous and satisfies the linear growth
condition

(3.10) 0<r(y) <Qy) <A+By, y>0,

for nonnegative A and B. The derivative of Q) is continuous and satisfies
also a linear growth condition: for nonnegative C' and D we have

dQ
Zw|<c+D .
dy(y)(_0+ vy, y>0

PRrOOF. First, notice that the sets D; and Dy have common boundary

(3.11) 012 = {y > 0,u(y) =r(y)},
and D9 and D3 have common boundary
(3.12) OD23 = {y > 0, (1 = 7)o*(y) = u(y) — r(y)}-

The sets D; and D3 do not have a common boundary.

It is straightforward to show that @) is continuous in D1, Dy and Ds, as well
as over the boundaries 0D12 and 9Ds3. The linear growth condition clearly
holds in the sets D; and Dj. Notice that in D, the following inequality holds

(u(y) —r(y))?
2(1—7)o2(y)

(313) < S(uly) — ) + () = 5 (uly) + 7).

r(y)
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OPTIMAL INVESTMENT AND CONSUMPTION 9

from which the linear growth condition of the function @ in the set Do
follows from (Al).

We differentiate the function () and obtain

aQ
@(y) =
Z; y) Y S Dla
() —r) (W) — @) (u) —rW)* L) dr -
1 —7)0%(y) T AR Y VD
dp 1 do?
@(y)—ﬁ(l—W)Ty(y) y € Ds.

Again, it is easy to show that this derivative is continuous in D1, Dy and D3
and over the boundaries 0D15 and 0Ds3, and that a linear growth condition
holds in D; and Dj3. To prove the linear growth condition in the set Do,
notice that

D)< |Lw)|+30-|%0)

holds for y € Ds. O

REMARK 3.3. When investigating the unconstrained optimization prob-
lem, m € R, the set D, must coincide with the whole positive real line, and
one has to assume a uniform lower bound of the function o; i.e., inf,~9 o(y) >
0. In the Barndorfl-Nielsen & Shephard model this condition does not hold
unless we introduce reversion to a strictly positive constant (i.e. a linear
drift term with positive mean reverting level). However, by considering a
constrained strategy one can overcome the global lower uniform bounded-
ness and work with uniform boundedness only over some subset, see [5] and
[17] for the structure of the set Dy. Notice that for the constrained optimiza-
tion problem, condition (A3) is not necessary. If volatility hits zero one can
assume that the set Dy reduces to an empty set, so that the results from
this paper remain still valid. However, in order to have all the terms in (3.8)
and (3.9) to be well-defined, we prefer to retain condition (A3). Moreover,
we point out that (A3) is very common in stochastic volatility optimization
models, see [8], [12], [15], [24], and economically sensible. O

We would like to point out that the linear growth condition (3.10) and the
relations (2.8)-(2.11) will be applied frequently when proving our results.
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10 DELONG & KLUPPELBERG

By substituting (3.5) and (3.6) into (3.4) we arrive at the non-linear first-
order partial integro-differential equation for the function f:

2{( t,y) — A tyy+k/ fty+2) = f(t,y)v(dz)

(3.14) +f(t,y)Qy )+ (1= f(ty) ™5, f(T,y) =1

We will show that there exists a unique classical solution to this equation.

0

4. Existence of the solution. We introduce an operator £ acting on
functions f as follows:

(Lh)(ty) = E[eVLTQ(W(s))ds
T s
(41) +(1 - ’)’) / 6’7‘/; Q(Yt,y(u))duf(s’ }/t,y(s))—ﬁds}7
t

for @ as in Lemma 3.2. By applying (heuristically) the Feynman-Kac formula
o (3.14), we arrive at the following fixed point equation

(4.2) (L) y) = f(ty),  (ty) €[0,T] x (0,00).

In this section we prove that equation (4.2) has a unique solution f . In Sec-
tion 5 we shall show that this solution satisfies the partial integro-differential
equation (3.14) in the classical sense.

We start with some observations. Notice that it is easy to derive a lower
bound for the optimal value function V:

T
(4.3) V(t,z,y) > 2 B[/l OS] (5 y) € 0,7] % (0, 00) x (0,00),
where the left hand side of (4.3) is the pay-off, when the agent does not

consume and invests everything in the bank account. We conclude that the
solution to (4.2) should satisfy the inequality

(44)  flty) 2 E[STVOE] 500 () € 0,7 x (0,50).

Moreover, if we apply the operator £ to a function f, which satisfies (4.4),
then we obtain a lower bound of the operator:

(45) (LH(ty) = E[h TR 21 (1) € 0.7 x (0,00),

which can be derived by noticing that the second term in (4.1) is positive,
and by applying the lower estimate (3.10) of the function @ in the first term.

imsart-aap ver. 2007/01/24 file: delong,*kluppelberg.tex date: August 29, 2007



OPTIMAL INVESTMENT AND CONSUMPTION 11

We now turn to the more interesting upper bound of the operator £. We
still assume that condition (4.4) holds, which implies that f (t,y)_ﬁ <1
By applying the upper estimate (3.10) of the function @, the estimate (2.11),
as well as the representation (2.6), provided that )(vB/)\) < oo, we obtain
the following inequality

YA(T—t)+ 'ny Y'Y (s)ds

(LhH(ty) < Ele
=) / Al [t g
< B[O+t LD -L00)
+(1 -

") / A=)+ %(L(As)—L(At))dS}
— AT- )+ L2yt M (22 ) (1)

(1 =) /T AT YN (50 g
t

1-— Y 1(_ ’
(4.6) < (1 + T)eA (T-)+B'y
where we have introduced the constants A" = yA + AMp(yB/A) > 0 and
B'=~B/X>0.

In the rest of the paper we assume that the following condition on the

Lévy measure of L formulated in terms of the characteristic exponent in
(2.6) holds:

(B) ¥(w) < oo for w=2(1+ 3)(B'V B) + ¢ and some € > 0,

where Bl = vB,/A > 0 is defined analogously to B’ and B, is defined in
(A1). This assumption becomes clear in the course of our calculations. It is
needed in Section 6 in order to verify the optimality. Notice that the lemmas
from this section and Section 5 hold under integrability conditions of lower
orders.

Let us investigate the operator £ in a more rigorous way. Denote by
Ce([0,T] x (0,00)) the space of continuous functions f on [0,7] x (0, c0)
satisfying

1 / !
LS f(ty) < (14 =7 )TV (1) € 0.7 x (0,50).
We define a metric in C.(]0,7] x (0,00)) by

4.7)  d(p,€) = el )re—a<T—t>—B’y<so<t,y> —&(t, )],
,¥)€|0,7°| X (0,00
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12 DELONG & KLUPPELBERG

for some a > A’ to be specified later. The space (C.(][0,7] x (0,00)),d)
is a complete metric space. Below we state two lemmas dealing with the
properties of the operator L.

LEMMA 4.1.  The operator L defines a mapping from Ce¢([0,T] x (0,00))
into itself.

PROOF. Based on our previous results (4.5) and (4.6) we can conclude
that the lower and upper bounds are preserved. It remains to prove conti-
nuity of the mapping (¢,y) — (Lf)(t,y).

Due to the time-homogeneity of Y, the operator £ can be represented as
(LH(ty) = E[l  Qmends

T—t s

+(1 =) / & Jy QUM p (s 4 YOV (5)) T ds].
0

The above representation simplifies proving continuity in the time variable.

Notice that by the growth condition (3.10) and relation (2.11)

e'Y fos Q(Yoay(u))duf(s + t, YO,y(S))—ﬁ S e’y fos Q(YO,U(S))dS S 6’)/AT+B’y+B/L(/\T)7

holds P-a.s., and that the cadlag mapping (y,u) — Y%¥(u) is bounded a.s
on compact sets. In order to prove continuity in the time variable one can
directly apply Lebesgue’s dominated convergence theorem and take the limit
under the integral. To prove continuity of the mapping y — (Lf)(t,y) in a
fixed point yg > 0, define a compact set U around yp and take a sequence
of points y, € U such that y, — yo as n — oo. In this setting we can find
a uniform bound for all y, € U and we can apply Lebesgue’s dominated
convergence theorem. The continuity of (¢,y) — (Lf)(t,y) now follows from
the continuity of f and @ and the continuity of the mapping y — Y%¥. O

LEMMA 4.2.  The mapping L : Cc([0,T] x (0,00)) — C([0,T] x (0,00))
is a contraction with respect to the metric (4.7) for a > A’ + .

ProOF. Take two functions ¢,& € C.([0,7] x (0,00)). Again we invoke
(2.10) and (3.10). Then the following inequalities hold for all (¢,y) € [0,T] x
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OPTIMAL INVESTMENT AND CONSUMPTION 13
(0,00):

d(Lp, £8) = e T V((Le) (t,y) - (LE)(t,y))|
< (1 B ,y)e—a(T—t)—B’y

T s
<E| / &1 I QU o5 Yt ()T — g(s5, YEY(s)) T
t

ds|

IN

(s, Y (s)) = (5, Y (s))|ds]

t

JeaT=0-Bg] / Lo J @ w)an
t

IN

< e oT=9-By q(p ¢)

XE[ / ) e"YA(s—t)+B’(y+L(/\s)*L(/\t)fYt’y(S))Jra(T*S)*BIYt’y(S)ds}
t

= vd(p, ) / Te_a(s_t)+'YA(5—t)+>\¢(B’)(s—t) ds
t

gl
<
< oo 4w

where the mean-value theorem has been applied in line 3. We conclude that
d(Le, L£E) < ¢d(p,€), (<1,

which proves that the operator £ defines a contraction mapping. O

The main result of this section is the following proposition, which is a
consequence of Banach’s fixed point theorem.

ProproSITION 4.3.  The equation

has a unique solution f € Co([0,T] x (0, 00)).

5. Differentiability of the solution. In this section we establish the
differentiability of the function f . In order to apply a classical verification
theorem we have to prove that f is continuously differentiable in the time
and in the space variable.

We assume that B > 0. In the case when the function @ is uniformly
bounded in y; i.e., B = 0, an arbitrary, strictly positive (small) constant
B > 0 can be chosen, so that the proofs from this section remain true. We

imsart-aap ver. 2007/01/24 file: delong,*kluppelberg.tex date: August 29, 2007



14 DELONG & KLUPPELBERG

remark that our arguments can be modified in order to handle the special

case of B = 0 and to derive sharper bounds. We would like to point out that

the main theorem of our paper, Theorem 6.1, holds true even for B = 0.
Recall that the ODE

do

(5.1) b

)+ (v =ANeo(t) +ra=0, &T)=a,
has the unique, smooth and strictly positive solution in the class C*([0, T])
given by

—a—i-’y/ P(s)e NV ds,

with constant a > 0.

The idea for establishing differentiability in the space variable is to con-
struct a sequence of functions ( fy,)nen, which converge to f and which share
some desirable properties.

LeEMMA 5.1, Define A” = yA+ Mp(B") >0 and B" = B'(1+7) >0

with B' =~yB/X\ >0 and A, B as in (3.10).
Choose a function fi € Co([0,T] x (0,00)) N C%([0,T] x (0,00)) such that

62 D) <o T, (1) € [0.7] x (0,00),

where ¢ solves (5.1) with a = (1 + 1/;,7)(%? VvV Cv) > 0 and C,D as in
Lemma 3.2.
Construct now the sequence (fn)nen recursively as fni1 = Lfn with L as
defined in (4.1).
Then for all n € N,

fn € Ce([0,T] x (0,00)) NCOL([0,T] x (0,00)),
and

Ofn

(5.3) i

(t,y)| < o)X THEY (1) € [0,T] x (0, 00).
PRrROOF. Recall from (4.1) that
Paty) = B[ Qo

T s ty N
HL=q) [ R (s () ],
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OPTIMAL INVESTMENT AND CONSUMPTION 15

First we prove that the mapping (¢,y) — %—J;Q(t, y) is continuous.
We expect that the derivative equals
0 f2 JTQurtw(s)d TdQ A(s—
2 — g yty (s=t)q
o (by) = Elye g (T ()e s
N

+(1—7) /T yet i QU wNdu g (5 v (5)) T
t
*dQ

yty —)\(u—t)d d
[ R e duds
T o ot
[kt o ytas)) i
t
L oN

(5.4) “L(s, Y (s))e A ds|.

oy
This will follow from Lebesgue’s dominated convergence theorem provided
that it can be applied. Below we establish three estimates which allow us
to interchange differentiation and integration. We point out that the inter-
change is justified, if we can bound the derivative by an integrable function.
The estimates are also used later to establish (5.3).

We recall that in order to find a uniform bound, one can take a limit y, — yo
as n — 00, over a sequence of points y, € U, where U is a compact set around
a fixed point yg > 0.

Notice that by invoking the simple inequality a + by < (% V a)eb for all
e > 0, together with (2.9), we obtain that

4 (@) | = |20 ) Ly )

< (C+Dyt,y(u))e—>\(u—t) < <4§/ \/C> e’YTBIYt,y(u)e—A(u—t)
Y

(5.5) < (45/ C’)eWTB,(y+L(/\s)*L()\t))ef)\(u7t)
¥

holds P- a.s., for 0 <t <wu < s <T. Based on (5.5) we derive

(wf QY Y (u))d )

’83/ ’767f QYtY(u duay / QYt’y( ))du)‘

_ e fL ot du [0 ty

= el | 5 (QUrts(u) )au

< (%vcﬂew(s—tﬁfe (u+L(rs)~ L) , 22 (y+L(As)~ (M) /se—)\(u—t)du
t
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16 DELONG & KLUPPELBERG

1,4D 1
(2= YA(s=t)+B" (y+L(As)—L(At))
(5.6) < )\(B/ \/CW)e
holds P-a.s., for 0 <t < s < T. We would like to point out that indeed we
are allowed to interchange integration and differentiation in the first line of

(5.6), since the bound (5.5) is integrable P-a.s. on [t, s].
Based on (5.2) and (5.6) we obtain the third estimate

(1= e QO Dt s,y ()75

0
5
= ‘(1 — fy)aay(e'yf: Q(Yt,y(u))du)f1(87Y(S))iﬁ

o [T QY () du ty -1 001 vty Oyt
7e Fils, Y(5)) 777 5 (5, YU s) 5 (VP(5))|

(1—7) /4D Y A(s—t)+B” (y+L(As)— L(AL))
vA(s—t)+~yB f: YHY(u)du

IN

+ye

of1 ty —A(s—t)
oy Y

(1-79) (g y CV) A=) +B" (y+L(As)~L(At))
A B
_i_,yefyA(sft)JrB”(y+L(/\s)fL()\t)7Yt’y(s))(ﬁ(s)eA”(Tfs)JrB”Yt’y(s)67)\(3775)

IN

(5.7) —|—’7¢(S)6_>\(s_t) eA”(T—s)—H/A(s—t)—i—B”y—‘rB”(L()\s)—L(At))’ P—a.s.

11—~ <4D ) VA=) +B" (y+L(As)—L (A1)

As the derived bound (5.7) is a cadlag mapping, hence it is a.s. integrable,
we have that

o (T S O(YHY (u))du _a
5 | (=IO oy ()7 s

T 9 - i
= T ((1 = ~)er e QU ) L B

B /t oy ((1 Vet fi(s,Y(s)) 1 7)dS, P— a.s..
Finally, taking the derivative under the expectation is also justified, since

by condition (B) we have ¢(B"”) < oo. Consequently, we have shown that
the derivative (5.4) holds.

The continuity of the mapping (t,y) — %—{f (t,y) follows again from Lebesgue’s
dominated convergence theorem, by applying the estimates (5.6) and (5.7),

and from the continuity of the functions f; and @), as well as their deriva-

tives (compare with the proof of the continuity in Lemma (4.1)).
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OPTIMAL INVESTMENT AND CONSUMPTION 17

We still have to prove that the bound (5.3) holds. By combining (5.6) and
(5.7) we can estimate for n = 2:

Of2
Dy (t,y) ‘
4D

B {7 (57 v Oy AT+ B/ LOT) -0
AN B

4D T "
+7(§ VO )/t VA=) +B" (y+L(As)~ L)) g6
T

+7 (;5(5)6*)‘(5*15)eA"(Tfs)Jr'yA(sft)JrB”(y+L(/\s)fL()\t)) ds}
1,4D p " AD T .
= (o 3 (T ) [ e,

B/
+eA"T=O+B"y, /T ¢(s)e M ds
t

IN

]. 4_D A// T—t)+B" 1-— Y 4D A" (T—t)+B"

te A”(T t-i-B” ,y/ ¢ s t)ds
6A”(T—t)—l—B”y(a_’_,)// ¢(S)€—A(s—t)ds) _ ¢(t)6A//(T_t)+B//y,
t

where we have invoked the solution of the ODE (5.1) with the appropriate
constant. Repeating the calculations recursively concludes the proof. O

From the properties of the constructed sequence (f,)neny we can deduce
an important property of the function f.

PROPOSITION 5.2.  The function f belongs to the class Ce([0, T]x (0, 00))N
CY%1([0,T] x (0,00)). Moreover its derivative satisfies

(5.8) ty)| < o) T (1 y) € [0,7] x (0,00),

for A”, B” and ¢ as in Lemma 5.1.

Proor. The result follows if we show that the sequences (%)n oy con-
structed in Lemma 5.1, converges uniformly, at least on compact subsets of

[0,7] x (0,00).
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18 DELONG & KLUPPELBERG

Choose n > m and p > oV A”. Using the definition of the derivative (5.4)
we have

afn-‘,—l afm—|—1

—p(T—t)—2B"y t _ t
oy 0¥~ 75, ()|

< Eﬂl—vx[TwﬂﬁQ“m“”“anYW@» T s, Y(5)) T

/ ’ Yty ’ —)\(U—t)(u)duds}e_p(T—t)_QB//y

+E[ /t ve”ft QU (5, Y ()T — fiu(s, Y5 (s)) T
T s

+M//w%QW”W“a“@Yw@>
t dy

* fu(s, Yt’y(s))_ﬁe_’\(s_t) ds} o—P(T—)=2B"y
(59) = M1+M2—|—M3_

O, i
(s Y1)

We first derive an upper bound for M;. Let again denote d(-,-) the metric
defined in (4.7). Applying the estimate (5.5) and the mean-value theorem
we find

M, < ’YQIE[/T e'yA(s—t)-i-B’(y—‘rL()\s)—L()\t)—Yt’y(s))ep(T—s)—I—B’Yt’y(s)
t
Xefa(T s)—B'YtY(s (8 Yt,y( )) o fm(S,Yt’y(S))’
4D WB "
- (y+L(As)—L(At)) (u—t) p(T—t)—2B"y
<’yB \% C’) / duds}
1 (4D~ 2 T (ATAO(B")—p) (s—1)

(5.10) S Kl d(fm fm)
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OPTIMAL INVESTMENT AND CONSUMPTION 19

Similarly, we have

M, < Y E{/T e'yA(s—t)+B"(y+L()\s)—L()\t)—Yt*y(s))ep(T—s)-i—B’Yt’y(s)
T l=y th

_ —s)—B'Yt
e a(T—s)—B'Y"Y(s)

Ful5, Y 5(5)) = fs,Y'9(5))
X ¢(8)6A//(T—S)+B//Yty(5)e—A(S—t) d8:| e—p(T_t)_QB//y
T 1! t
.. d(fns fm) E[/ VA=) +B" (y+L(As)—L(At) =Y ¥ (s))
t

1 -y
Xep(t—s)—',—B’(y+L(/\s)—L()\t))gb(s)eA”(T—s)-&-B”thy(s)e—)\(s—t)e—QB”de}

IN

IN

T AU ) T sup {0(0))
Y te[0,T]

9 / (A X o) (1) g
t

(5.11)< Ko d(fn, fm),

where we have used the bound (5.3) for the sequence of derivatives (%)n c
Finally, we obtain a bound for Mjs:

N

Mz < E[/Tye“(S—t)+23u(y+L(As)—L(At)_yt,y(S))
t

— —s5)—2B"Yyty afn afm
p(T—5)=2B"Y"(s) Ly (g)) — ty
xe 5 (5 Y1) = S, Y ()|

Xep(Tfs)+QB”Yt’y(s)ef)\(sft) d8:| efp(Tft)fQB"y

IN

ren—opi (O fn Ofm
(T t) 2B"y
Sup € r tay - tvy
(t,y)G[O,T}X(O,oo)‘ <0y( ) dy ( )>’

/ T (A X6@B") —p-2) (1) g
t

X7y

— —t)—2B" afn afm
5.12 < K sup e P(T=0)=2B"y (20 () _ 22 (g
o1 3<t,y>e[0,T1x<o,oo)‘ (y 09 = Sy (:1)

Y

where p has to be chosen such that K3 = v(p —yA — Ap(2B") + \) 71 < 1.

Notice that by the contraction property of the operator £ proved in Lemma 4.2
we have

W) < ()" A, )
m—1 1—
2(@_7A,) (1+ A,V).
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20 DELONG & KLUPPELBERG

By combining (5.10)-(5.13) we get

’e—mT—t)—zB”y(%(t, ) - a{;”“ (t.9))]

dy
< 2(Kp+ KQ)(Q jA/)mfl(l n 1;/7)
om0 (S e ) - e, y)|

+ K3 sup
(t,y)€[0,T]x(0,00)

< 2(K; +K2)(L>m*1(1 + 1 —’y) 1— Kt

o — A/ A/ 1 _ K3
- - —t)— " afn—m—i—l fl
+Km 1 sup e p(T—t)—2B"y (Y In—m+1 t,y _9h, y
’ (t,y)€[0,T]x(0,00) ‘ ( oy (t,y) Ay (t, ))’

S T T T
< 2(K;+ K. 1 2K t
= ( 1+ 2) (a — A/) ( + Al ) 1— K3 + 3 t:B%}{¢( )}7

from which we conclude that the sequence (%(t,y))neN converges uni-
formly on compact sets. O

We now turn to the question of differentiability in the time variable. We
first show that the function f(¢,y) belongs for every fixed ¢ € [0,7] to the
domain of the infinitesimal generator of the process Y, see Chapter 1.3 in
[19].

As the mapping y — f(t,y) is continuously differentiable on (0,c0), we
can apply Ito’s formula and show that the following limit relation holds

(5.14) _ t ) )\y+/ Fltoy + 2) — f(t,9))d2),

provided that for s > 0

(5.15) / />0 (t, YU (u—) + 2) — f(t,YO’y(u—))> N(du x dz)] =0,
where N(du x dz) := N(du x dz) — v(dz)du is the compensated Poisson

random measure from (2.5). It is well known, see e.g. Theorem 4.2.3 in [1],
that condition (5.15) is equivalent to

(5.16) / / e yOrae) + ) - £t Y0¥ (=) Pr(dz)du] < oo
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OPTIMAL INVESTMENT AND CONSUMPTION 21
The mean-value theorem and the bound (5.8) imply
B[ [ 170 we) + 2) - f YO o)) Pudz)dul
0 Jz>0

< E| / T[T 2, )]
0 J2>0

< / / Q2A"(T—1)+2B"y+2B"L(\T) B”zz2y(dz)du}
N >0
(5.17) < K62B”/ z V(dZ)+K/ P22 (dz)
0<z<1 2>1

for some positive constant K, which is finite since 1)(2B") < oco. The first
term in (5.17) is clearly finite. We show that the second term is finite as

well. By applying the inequality z < B,e 2 * and assumption (B) we find

that
/ e?B"2221(d2) ( 1 )2/ @B+ g,
2>1 B )=

2 ,
= (743/) / 2B 0+3)20, < 0.
z>1

Before stating the next lemma, we would like to remark that the mapping
(t,y) — [0 (f(t,y+2)— f(t,y))v(dz) is continuous on [0, T] x (0, 00). This
follows from the inequality

IN

1ty + 2) — f(t, )| < p(t)e T w+2)
and Lebesgue’s dominated convergence theorem.

ProOPOSITION 5.3.  The function f satisfies the partial integro-differential
equation

0 = g{(f y) — J(tyAerA/ flt,y+2) — ft,9)v(d2)
(5.18) QW) + (1= (f(ty) T, f(T,y) =1,

in the classical sense. In particular, the mapping (t,y) — %(t,y) s contin-

wous on [0,T) x (0,00).

PROOF. The idea of the proof is similar as in the proof of Proposition 5.5
n [5]. We will calculate the limit in (5.14) explicitly by using the represen-
tation of f.
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22 DELONG & KLUPPELBERG

Consider a fixed t € [0,T). Notice that by time-homogeneity of Y the equiv-
alent representation holds

flty) = E[eﬂ ST QO (w))duw

1) [ QOO gty ()] V() =],

for s > 0. Let o((Y"¥(s)) denote the o-algebra generated by the random
variable Y%¥(s) as defined in (2.7). We have that

ft.y0u(s) =B [T QO 0w

T*tJrS u ~
HLmy) [ @I f s v ()T oY),
holds P-a.s.. Applying the law of iterated expectations we obtain

E[f(t, YOU(s))] = E[e" ST QU w)dw
+(1—7) /T_t—l—s SR Ndw Fy 4y o Y () T du | Y(0) = y}

Consider now the difference E[f(t, Y%¥(s))] — f(t,y) for some s > 0 in the
neighborhood of 0. By simple algebraic manipulations we find

L®I YY) - ()

A~

T—t+s “
= E[(1- ’V)/ (Flutt— 5, YOU(u))) T Jy QO (wdu

X%(e—v Jo QO (w)dw _ 1)du]

—%E[(l -7) / (flu+t—s, Yo’y(u)))_ﬁﬁfouQ(Yo’y(w)dwdu}
0
iR {e’y f0T7t+s Q(Yo,y(w))dw}(e,,y fOS QY0¥ (w))dw 1)}
s
1,4 R
+;(f(t - Say) - f<t7y))
=: M (s)+ Ma(s) + Ms(s) + Ma(s).

Notice that

il fo‘“ QYO (w))dw VAT +B'y+B'L(AT)

IN

9

L= TR QOO < (Y O¥(s))} < AT + B sup(Y ()

< NAT + vBy + yBL(AT) < (AV yAT)ePv+BLAT)

IN
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OPTIMAL INVESTMENT AND CONSUMPTION 23

hold P-a.s. for 0 < s < T. The above estimates ensure that we can apply
Lebesgue’s dominated convergence theorem to obtain the following limits

lim Mi(s) = —Q(y)E[(1-7) / RTINS
0

s—0

X (f(u+ 1, Y0¥ (u))) T dul,

lim Ma(s) = —(1=)(f(t.y) ™,
llir(l)Mg() = —Q(y {VIO QY ”(w))dw]

Moreover, limg_o(Mi(s)+Ms(s)) = —vQ(y) f(t, ) holds, and by combining
these calculations with (5.14) we arrive at

i (s) iy J00) = F = 5)
s—0 5—0 S
0 . .
= Gty [ (Fy+ ) - fty)u:)
~ ~ .
+f Ly Q) + (L =)(f(Ey) ™=
We conclude that the derivative %{ exists and that f satisfies the partial

integro-differential equation (5.18). Moreover, the mapping (¢, y) — af (L)
is continuous on [0,7") x (0, 00) by continuity of all terms on the rlght hand
side of (5.18). O

We can also conclude that the function f is the only classical solution of
the partial integro-differential equation (3.14), as for any such solution the
Feynman-Kac representation must hold, see [4] for a similar argument.

6. Optimality of the solution. We shall conclude with the following
theorem, which states that our solution is indeed optimal.

THEOREM 6.1.  Assume that the conditions (Al) — (A3) and (B) hold.
Define the investment strategy

(6.0) 7(t) = arg max {m(u(Y (1)) ~ r(Y(t-)) = 3721~ ) (¥ (e-)}:

and the consumption rate

(6.2) &t) = XT () (f(t, Y (t-))) T,
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24 DELONG & KLUPPELBERG

where the function f is the unique solution of the fized point equation (4.8)
in the space CH1([0,T) x (0,00)) N Ce([0,T] x (0,00)) given by

flt,y) = E[ﬁ ftT Q(Y*"¥(s))ds
L J Qe w)du b
Ha-y) [ ek Fs,Y"¥(s)) T ds],
t
and X is the wealth process of the agent under (¢, ), defined as

X7 (1) = weh (#() (Y ()~ (=) +r(¥ (s=) ~ (F(s.Y () T7 ) ds
(6.3) o3 Jy ()22 (Y (s=))ds+ [ #(s)o (Y (s=))dW (s)

Then the pair (¢,7) is the optimal strategy for the investment and consump-
tion problem (3.2).

The proof of the above theorem is based on a verification theorem stating
the conditions, which a candidate value function should satisfy in order to
coincide with the optimal value function. Theorem 3.1 of [19] is an appropri-
ate verification theorem for jump-diffusion processes. We can prove that our
candidate solution verifies all its conditions. In particular, we would like to
point out that assumption (B) is needed for proving uniform integrability of
the value function. We want to emphasize that we have been able to prove
the optimality of the strategy under the weaker integrability assumption (B)
on the Lévy measure of L than is required in [5].

Finally, we want to mention that in [11] a different verification theorem
for jump-diffusion processes has been proved, which requires substantially
weaker conditions than those in Theorem 3.1 of [19]. However, this result
requires the strategy to be caglad (left-continuous with right limits) in con-
trast to the weaker progressively measurable condition as in the present
paper. Details can be obtained from the author upon request.

REMARK 6.2. Assume that we state our problem for_a deterministic
function Y. The candidate for the value function is again V(¢,z) = 27 f(¢t)
resulting in the the ODE:

af

O+ ORI (1)+ (1 - N T =0, J(1) =1,

which has the solution given by the fixed point equation

T T s _
F(t) = e QW sDds o _ v)/ S QYA F TR s 0<t<T.
t
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OPTIMAL INVESTMENT AND CONSUMPTION 25

If Y is a stochastic process then the function f, defined as above, involves a
random path of the volatility process, so it depends on w € Q. It is tempting
to believe that the function E[f(t,w) | Y (t) = y], solves the optimization
problem (3.2).

However, taking the operator £ as defined in (4.1), we calculate

LEY[f(t,w)]
— Etv [(g Qv (sw))as

H=) [ O s )| 7))

T s ¥

< B[ Sl wnds L _ / e i QN g (g )= ]
t

= EY[f(t,w)],

where the equality holds if and only if (Y (f,w))o<t<7 is independent of w,
hence deterministic.

We conclude that the function E4¥[f(t,w)] does not satisfy the fixed point
equation (4.8) and, as a result, it is not the solution to our optimization
problem. The optimal value function and the optimal investment and con-
sumption strategy are different as one might have expected. O

ExaMPLE 6.3. We consider a financial model of Barndorff-Nielsen &
Shephard type. More precisely, we choose the time horizon T = 1 and
v = 0.75 for the exponent of the power utility function. Furthermore, in
(2.1) we choose A = 1/6, in (2.2) we take r(y) = 0 and in (2.3) we take
u(y) = 0.1 + 0.5y and o%(y) = y. Let the subordinator L be a compound
Poisson process with jumps intensity 0.5 and exponentially distributed jump
sizes with expectation 1/15. We set the initial volatility level to Y (0) = 0.2,
which equals the expected long-term volatility.

We have solved the nonlinear partial integro-differential equation (3.14) nu-
merically by applying an explicit finite difference method. As we are dealing
with a first-order integro-differential equation and the Lévy measure is fi-
nite, the explicit scheme is more efficient than the implicit scheme, see [9],
Ch. 12.4, for details. We point out that the finite difference method has been
applied to the transformed equation to which the solution is f (t,y)e "Y. The
exponential scaling has been applied in order to set a sensible boundary con-
dition in the bounded domain. The parameter x should be chosen sufficiently
large so that limy . f(t,y)e ¥ = 0 holds.

Based on (3.8), we can state that the optimal investment strategy is 7 (t) = 1,
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consurnption
)
o
/

100

50 80

e - o
time (1007 walatility (100%y)

FiGc 1. The optimal consumption rate as a function of time to maturity and the volatility
level; see also the text in Example 6.5.

whereas the optimal consumption rate is given in Figure 1.

The first observation, which is common in optimal investment and con-
sumption models, is that the optimal consumption rate is an increasing
function of time. In the considered model it is interesting to note that the
optimal consumption rate is a decreasing function of the volatility level. The
result agrees with our intuition: the higher level of the volatility leads to a
higher variability, which is, however, compensated generously by an increase
in the appreciation rate of the risky asset. This explains why the investor
should consume less and invest more.

It has already been stated in [5] that stochastic volatility modelling can
change the investment strategy significantly. We have simulated one path
resulting in a volatility that jumps at £ = 0.05 by 0.12 and at ¢ = 0.65
by 0.07. The optimal consumption pattern is significantly different, when
compared with the constant volatility model Y = 0.2; see Figure 2. Under
the stochastic volatility model it is optimal to consume much higher pro-
portions of the wealth as the unexpected jump in the volatility increases the
variability of the return and may cause a severe decrease in the portfolio
value. Notice the discontinuity in the consumption strategy at ¢ = 0.05 in
the upper curve in Figure 2, which is caused by the jump in the volatility.
The second discontinuity at ¢ = 0.65 is much less visible. U

imsart-aap ver. 2007/01/24 file: delong,*kluppelberg.tex date: August 29, 2007



OPTIMAL INVESTMENT AND CONSUMPTION 27

0gr B

0er B

07r B

consurnption

06 B

03 1 1 1 1 1 1 1 1 1
0 10 20 30 40 a0 B0 70 80 90 100

time (10071

Fia 2. The optimal consumption rate in the stochastic volatility model (upper curve) and
in the model with constant volatility (lower curve); see also the text in Example 6.3.

We conclude this paper with the solution for the optimization problem in
the case of a logarithmic utility. Logarithmic utility is investigated in depths
in [14], where a general financial market is considered, consisting of stocks,
whose prices are driven by semimartingales. The solution is stated in terms
of the semimartingales characteristics, which are not straightforward to find
in our model.

We make an ansatz with a value function of the form

v(t,xz,y) = g(t)logx + h(t,y).

This yields the following equations

(6.4) 0= dfi(tt) 1, ¢(T) =1,
and
0 = Gt = Gt A [ bty )~ b))l
(6.5) +9()Q°(y) —logg(t) —1=0,  h(T,y) =0,
where

Q) = max {m(uly) = r(0)) ~ 57°0°(w)} + ()
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is the analogue of (3.9).
The following theorem can be proved.

THEOREM 6.4. Assume that the conditions (Al) — (A3) hold and that
the Lévy measure v of L satisfies

(C) [,o1 7' v(dz) < o0, equivalently E[L(1)'*¢] < oo, for some e > 0.

Define the investment strategy

#(0) = arg max {w(u( (£)) = r(¥ (t)) = 572 (V ().

and the consumption rate

X7 (t)

é(lf’):1+T—t’

where X®™ is the wealth process of the agent under (¢,%), defined as

XoF(t) = pedo (FOWE =)=V (=) (=)= 7= ) ds

o3 Jy E(9)202 (Y (s=))ds+ [ () (Y (s=))dW (s)

Then the pair (¢,7) is the optimal strategy for the investment and consump-
tion problem under a logarithmic utility function.

As we are facing the linear equation (6.5), existence and smoothness of a
solution can be proved easily by combining the results from this paper and
from [5]. It is well known, see [18], that the optimal consumption rate in the
case of a logarithmic utility does not depend on the financial coefficients.

7. Conclusions. In this paper we have solved an investment and con-
sumption problem for an agent, who invests in a Black-Scholes market with
stochastic coefficients driven by a non-Gaussian Ornstein-Uhlenbeck process.
We have proved that the candidate value function is the classical solution
of the corresponding Hamilton-Jacobi-Bellman equation. In particular, we
have provided a classical solution to a non-linear first-order partial integro-
differential equation.

The optimal investment strategy has been explicitly calculated, while the
optimal consumption rate depends on the function, which solves the partial
integro-differential equation. The conclusion from the simulation study is
that under stochastic volatility the optimal consumption strategy is signifi-
cantly different compared to a constant volatility model.

imsart-aap ver. 2007/01/24 file: delong,*kluppelberg.tex date: August 29, 2007



OPTIMAL INVESTMENT AND CONSUMPTION 29

In [5] a multivariate Ornstein-Uhlenbeck process driven by independent
subordinators was considered, while in [17] a financial market consisting of
n stocks was investigated. We would like to point out that our results can
be extended to both settings.
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